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Department of Theoretical Physics

Implications of Primordial Black Holes
physics at high redshifts

Author:
Giona Sala

Supervisors:
Prof. Antonio Riotto

Prof. Victor Gorbenko

2023/03/03



Acknowledgements

This Master’s thesis was an exciting introduction to the research world of
physics for me. For this reason, I am deeply thankful to my primary super-
visor Prof. Antonio Riotto for making this project possible, and above all, for
being an excellent mentor and working with me regularly.

Secondly, I am also grateful to my supervisor at EPFL Prof. Victor Gorbenko
for the availability to oversee, read and evaluate my thesis, as well as for
managing its administration.

As this work represents an important milestone in the course of my studies, I
would like to take this opportunity to also thank all the people who majorly
contributed to it. First and foremost my parents, Marco and Paola, gave me
the possibility to embark on this path in the first place.

In addition to that, I would like to extend my gratitude to all the people I
encountered during my academic route to date, who shared my interests and
inspired me. A particular thank you goes to Prof. Lesya Shchutska and Prof.
Mikhail Shaposhnikov for transmitting to me their passion for their respective
areas of expertise.

Last but not least, I am very grateful to everyone who surrounded me and
supported me over these five years: my family, my friends and especially Lisa,
who has always been there for me.

2023/03/03 Giona Sala i



Abstract

Primordial black holes are a hypothetical type of black holes that formed in
the very early universe, typically before the matter dominated epoch. These
objects are supposed to make up a fraction of dark matter, however, their
observation has never been confirmed. In the last year, James Webb space
telescope discovered very massive galaxies ∼ 1010M� in the early universe
z ∼ 10, which cannot be explained with the cosmological standard model.
These measurements raised many questions, and many different approaches
have been explored to explain them. One possibility to solve this mystery
lies in primordial black holes, as their presence could have boosted galaxy
formation.

In this report, the presence of primordial black holes is hypothesised and the
conditions for which they could have led the observed galaxies to form so
early are investigated. In particular, the case in which primordial black holes
are initially randomly distributed throughout the universe is studied with
two main approaches. The first analysis consists in finding the stellar mass
density that explains James Webb space telescope observations in a scenario
where primordial black holes are Poisson distributed. The second study is
based on situations where primordial black holes evolve in clusters, dominat-
ing the formation of galaxies. While the first investigation reveals that the
observed galaxies could have formed only for extremely massive primordial
black holes, the second analysis can relax these conditions. However, the new
parameters suffer some constraints dictated by observation, which should be
reevaluated with the consideration of the clustering effect.
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1 Introduction

One of the biggest open questions in modern physics is understanding the compo-
sition of the universe, in particular, the large share of non-relativistic matter that
is expected to exist but has not been observed yet: dark matter (DM). Many are
the possibilities being studied at the moment and it is most likely that there is not
only one answer but that this unknown constituent of the universe is composed of
different elements. One possibility that is being explored and has gained much in-
terest in the last decade with the detection of gravitational waves, is the existence
of primordial black holes (PBH) [1]. In this report, these objects are further exam-
ined, as their theorised presence could be of interest to explain the unforeseen
observation made by James Webb space telescope (JWST) in the last year, making a
step forward to prove their contribution to DM.

It is believed that there are two types of black holes (BH): the astrophysical ones
and the PBHs. The first kind of BH existence is confirmed and its name comes
from its formation process. They originate from the gravitational collapse of astro-
physical objects, stars, thus they can be produced in the present universe. On the
other hand, PBHs are hypothetical BHs since they have been theorised, but their
existence has yet to be proven. The most popular possibility for their formation
is also due to gravitational collapse, but in the primordial universe [2]. While in
the late universe, densities large enough to form a BH are only found in stars, the
primordial universe was much more packed, hence smaller overdensities could
have caused a collapse. With this formation process, their origin is traced back
to the radiation dominated (RD) universe. Specifically, the gravitational collapse
into a PBH is expected to take place when an isocurvature perturbation of cold
dark matter (CDM) reenters the Hubble horizon (see section C.4). Consequently,
while astrophysical BHs must have masses on the order of the stellar ones, PBHs
are more flexible to have much smaller masses.

On Christmas 2021 JWST was launched into orbit to open a new era of space
observations based on electromagnetic waves. In the last year, besides several
other tasks, it was able to look for galaxies far away as never before. Specifically,
it discovered a population of massive galaxies M∗ & 1010M� in the early universe,
at high redshift 7 . z . 11 [3] [4] [5]. These observations were particularly
surprising as the cosmological standard model, Lambda cold dark matter (ΛCDM)
model, does not allow the formation of galaxies so massive and so early in time [6]
[7] [8]. This observation opened therefore the question of whether the standard
model is incorrect or if there are missing elements that need to be taken into
account. In this report, the possibility that these latter missing elements are PBHs
is of interest.

The challenge of proving PBH existence is dictated on one side by the observa-
tional constraints on their population, while on the other by the difficulty of find-
ing proof of their presence. JWST measurements could represent a consequence
of their existence, hence one of the first detected proofs. Thus the objective of this
thesis is to explore the possibility that the presence of randomly distributed PBHs
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1. Introduction

in the primordial universe has boosted galaxy formation at early times, explaining
how JWST observations could represent proof of PBH existence. An article that
chased this goal has already been written [9]. Consequently, this paper is taken as
inspiration. At first, it is replicated for educational purposes and to understand
some properties required for the existence of PBHs to have led to JWST galaxies
detection. In particular, two variables related to PBHs are investigated: the first is
the fraction of DM that PBH could fill fPBH = ΩPBH

ΩDM
≤ 1 and the second is their

mass mPBH
1. In addition to that, some novelty is added to these results, by consid-

ering the clustering effect of PBHs. As it will be discussed, this phenomenon could
further boost halo formation, expanding the possibilities of PBH existence.

As both PBH and halos, which in turn generate galaxies, are based on matter
overdensities2, this quantity is of main importance for this report. These density
contrasts are due to the matter density perturbations and can be written in the
following way.

δ(x) =
ρm(x)− ρm

ρm
=

δρm

ρm
(1.1)

where ρm represents the mean comoving value of matter energy density in the
universe or background matter energy density, while ρm(x) is the local energy
density in x. For actual overdensities δ(x) > 0, while the local energy density is
equal to average δ(x) = 0. Underdensities have δ(x) < 0, however, they are not of
high relevance throughout this work. Their Fourier transform is also extensively
used during this report.

δ(k) =
∫

d3xδ(x)eikx (1.2)

This quantity also defines the power spectrum, another fundamental property used
in this project. A brief summary of its derivation and utilisation can be found in
Appendix D.

In addition to that, Appendix C provides a review of important cosmological prop-
erties used in the report, as well as a clarification of the notation.

This report is composed of three main chapters. After this introduction, chap-
ter 2 discusses the spherical model, which represents a very successful method to
study perturbation evolution, very useful throughout the report. In particular,
it is helpful to study collapses and the isocurvature perturbation introduced by
the presence of PBHs. However, it has the flaw of assuming that fluctuations have
spherical symmetry. In chapter 3, article [9] is studied, replicated and its limits are
discussed. The analysis included in this segment is based on the power spectrum
recovered from observations, together with the one coming from the addition of
PBHs in the picture. In chapter 4 the evolution of clusters from initially Poisson

1It must be noted that for simplicity all analysis are performed considering PBHs’ mass function
to be monochromatic. An extended PBH mass function could be considered to further improve the
results [10].

2This includes non-relativistic matter’s energy, due to both baryons and dark matter (DM). Often
matter energy density will be called simply energy density, implying the reference to non-relativistic
matter (see section C.3).
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distributed PBHs is discussed. Firstly the correctness of the previous chapter’s
analysis is questioned, based on the absence of clusters. Secondly, the scenario
in which PBH clusters push massive halo formations is studied, considering ac-
cretion and evaporation. The report ends with chapter 5, where conclusions are
drawn and the results obtained in relation to the constraints coming from obser-
vations [2] are discussed.

Furthermore, the possibility that PBHs formed in the RD universe with an ini-
tially non-Poisson distribution, hence with a clustering component, is superficially
treated in Appendix E. A general overview of the consequences of this addition
is presented.

2023/03/03 Giona Sala 3



2 Spherical model

Energy density perturbations are one of the main subjects of this project. However,
it can be very difficult to deal with them. In order to do this, the spherical model
is used, as it is an approximated model which makes it more feasible to face
particularly complex fluctuations. As it is given away by its name, the spherical
model is based on the supposition that perturbations have spherical symmetry. In
this chapter, an introduction to this model and more generally on perturbations is
provided, as these topics will be recurrent in the report.

Fluctuations can be of two types: adiabatic or isocurvature. While adiabatic fluc-
tuations are perturbations of the energy density, isocurvature ones have constant
energy density but their perturbations are due to the different species, hence not
perturbing the curvature directly. This definition is however very strict. In fact,
isocurvature perturbation can be the result of energy density fluctuations, which
yet do not alter the curvature on large scale. For example, DM (matter) energy
density contrasts in the RD universe, which also lead to PBHs formation, are
isocurvature perturbations, as they do not influence the general curvature since it
is dictated by radiation. Large scale fluctuations can be well described by the ob-
servation of the cosmic microwave background (CMB). On the other hand, small
scale fluctuations are difficult to be detected and could have large amplitudes. In
addition to that, small amplitude fluctuations respect linear theory and do not
grow in the RD universe but only in the matter dominated (MD) universe, as will
be discussed in subsection 2.1.2. However large amplitude fluctuations, which
are non-linear and small in scale, can reenter Hubble horizon in RD universe and
already collapse.

Therefore this section starts by focusing on small scale perturbations, but with
large amplitudes, which are non-linear. In particular, this model is useful to better
understand collapse and fluctuations in RD, such as isocurvature perturbations,
and their evolution. In fact, PBHs are expected to collapse in the very early uni-
verse, when radiation dominates, due to isocurvature fluctuations of CDM. For
this reason, the non-linear spherical model is important to better understand this
process as well as the consequences. The results will then be relevant for the
whole report. The subjects treated in this section are mostly taken from [11], [12]1

and [13].

In the first part, in section 2.1, the spherical model is introduced and a few use-
ful approximations are highlighted, such as the linear limit. In section 2.2, the
specific case of PBH is discussed, considering isocurvature fluctuations and their
evolution. To conclude the chapter, section 2.3 discusses the critical energy density
for a perturbation to collapse with the spherical model, which is a quantity useful
for the whole report.

1In particular chapter 15 of [12].
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2.1. Perturbations in the spherical model

2.1 Perturbations in the spherical model

The spherical collapse analysis starts with the equation of motion around a mas-
sive object of proper radius R̃, which experiences the effect of pressure due to
radiation2, and the gravitational field due to its own mass.

¨̃R = −8πG
3

R̃ρ̃r −
GMtot

R̃2
(2.1)

where ρ̃r is the proper mean energy density of relativistic matter (which pressure

is p̃r =
ρ̃r
3 ) and Mtot is the total mass of non-relativistic matter included in the

sphere of radius R̃. For gravity to be relevant, the sphere is supposed to be in
casual contact, hence within Hubble horizon. Thus a transformation to comoving
coordinates and conformal time η can be applied (see section C.1).

R̃(η) = a(η)ζ(η)R (2.2)

η =
∫ t

0

dt′

a(t)
or dη =

dt
a(t)

(2.3)

where R is the comoving radius of the shell at the start, which is fixed, while
ζ(η) represents the deviation from the standard universe expansion, which is not
strictly followed by the non-linear clump of interest.

In the next step, Friedmann equations need to be recalled (see section C.2).

ȧ2

a2 +
K
a2 −

Λ
3

=
8πG

3
ρ̃ and 2

ä
a
+

ȧ2

a2 +
K
a2 −Λ = −8πGp̃ (2.4)

where ρ̃ is the energy density, p̃ is the pressure, Λ is the cosmological constant and
K is the curvature factor. Considering a flat universe with no cosmological con-
stant (universe dominated by relativistic and non-relativistic matter) it is possible
to rewrite these equations using the conformal time derivative3.

a′2 =
8πG

3
(ρ̃m + ρ̃r)a4 and a′′ =

4πG
3

ρ̃ma3 (2.5)

Putting them back into (2.1), the solution is found in terms of conformal time.

aζ ′′ + a′ζ ′ +
(

GMtot

R3ζ2 −
4πG

3
a3ρ̃mζ

)
= 0 (2.6)

a(η) = aeq

[
2

η

η∗
+

η2

η2
∗

]
where η−2

∗ =
2πGρ̃eqa3

eq

3
(2.7)

where aeq and ρ̃eq are respectively the scale factor and the energy density at the
time when radiation and matter components have the same energy densities (ρ̃eq =

ρ̃r(ηeq) = ρ̃m(ηeq)). The energy densities of the two components can then be

2It can be checked with (C.11) that in a RD universe ä = − 8πG
3 aρ̃r, which applied to proper

distances leads to the first term of the equation of motion.
3See section C.1 for the notation.
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2. Spherical model

found at any time using their scaling relations (C.15) and (C.26), which can also
be derived from Friedmann equations (see section C.1).

ρ̃r ∝
1
a4 ⇒ ρ̃r = ρ̃eq

a4
eq

a4 (2.8)

ρ̃m ∝
1
a3 ⇒ ρ̃m = ρ̃eq

a3
eq

a3 (2.9)

The matter perturbation is Φ = δρ̃m
ρ̃m

= δρm
ρm

= δ (1.1) and the mass can be written
as follows.

Mtot =
4π

3
ρ̃eqa3

eq (1 + Φ) R3 (2.10)

It must be noted that this mass comes from all matter within the initial sphere,
when no deviation from the background was present ζ = 1. Consequently ζ
component is absent from its formula.

A further substitution can be performed by using (2.7) and replacing η with a
aeq

.

η = η∗

(
±
√

1− a
aeq
− 1
)

(2.11)

which can get further simplified by knowing that both η and a must be positive.

η = η∗
(√

1− s− 1
)

, s =
a

aeq
(2.12)

With this substitution also the derivative over the conformal time must be modi-
fied.

d
dη

= 2
√

1 + s
η∗

d
ds

(2.13)

Once this substitution is applied to (2.6) together with the mass formula (2.10) and
η∗ (2.7), it gives the general perturbation evolution of the spherical model.

s(1 + s)
d2ζ

ds2 +

(
1 +

3
2

s
)

dζ

ds
+

1
2

(
1 + Φ

ζ2 − ζ

)
= 0 (2.14)

where Φ = δ.

2.1.1 Early times

If a moment really early in the universe is considered s → s0 ≈ 0. At that time
it can be expected that no collapse has started yet ζ(s0) = 1. From these assump-
tions, it is possible to find a solution of (2.14) at s � 1, by neglecting the second
derivative term d2ζ

ds2 , due to its small contribution from s. The numerical solution
is the following [11].

ζ ≈ (1− 3
2

Φs)
1
3 ≈ 1− Φs

2
+O(s2) (2.15)

which holds only for small s. Its validity can be checked by putting it back into
(2.14) for s0. From this approximation, the initial conditions of a perturbation can
be calculated.

ζ(s0 ≈ 0) = 1 and
dζ

ds
(s0 ≈ 0) ≈ −Φ

2
(2.16)

6 Giona Sala 2023/03/03



2.1. Perturbations in the spherical model

2.1.2 Maszaros equation

From (2.14) also the Maszaros equation can be extracted. This equation is partic-
ularly important for small perturbations as it shows that in a RD universe these
kinds of fluctuations do not grow. In fact, for an arbitrary small perturbation
δ � 1 the deviation from the background is small ζ ≈ 1− δ as well as the ampli-
tude of the overdensity Φ ≈ 0. Maszaros equation can be found by applying these
approximations to (2.14), and looking at the linear terms only. In fact for small
perturbations O(δ2) terms can be neglected.

s(1 + s)
d2δ

ds2 +

(
1 +

3
2

s
)

dδ

ds
− 3

2
δ = 0 (2.17)

This equation can be solved analytically and the highest growing solution is
δ = δ0

(
1 + 3

2 s
)

[11], which shows that for a small initial amplitude, the pertur-
bation will not grow substantially for s . 1. This translates to small amplitude
fluctuations not growing in the RD universe (a . aeq ⇒ s . 1), but only in a MD
universe (a & aeq ⇒ s & 1).

2.1.3 Turnaround

One goal of the spherical model is also to shed light on the collapse of overdense
regions. In order to do that, the radius and density of fluctuations are studied.
Since perturbations collapse only after a first expansion phase, the maximum size
of a clump is found at turnaround, where this process is inverted ˙̃R = 0. For this
reason, the radius and density of perturbations at turnaround are studied, as they
provide important information on the fluctuations. In comoving coordinates, this
translates to

ζ + s
dζ

ds
= 0 (2.18)

If the perturbation reaches turnaround in the early universe (sta � 1), the approx-
imation of early times (2.15), up to order O(s2), can be applied, giving the time
and deviation from the background at turnaround.

sta =
const

Φ
⇒ ζta = const (2.19)

Regarding the density of perturbations in the spherical model, the clumps are
spherically symmetric, meaning that despite inner regions can be more or less
dense than outer ones, each shell will have a constant surface density. This density
difference between the shells can be represented by dM

dR̃ . Matter energy density can
then be found by dividing this derivative by the shell’s surface.

ρ̃m =
1

4πR̃2

dM
dR̃

(2.20)

Consequently, in comoving coordinates, the parameters at turnaround are the
following [11].

sta =
Cs

Φ
, ρ̃ta = Cρ̃ρ̃eq

Φ3

3R2
d

dR
(1 + Φ) R3 (2.21)

2023/03/03 Giona Sala 7



2. Spherical model

where (2.10) was used, while Cs and Cρ̃ are values that can be found numerically
and have a weak dependence on the parameter Φ. These latter two values are
numerical result, and for practical applications with Φ � 1 and Φ � 1 can be
considered constants [11].

8 Giona Sala 2023/03/03



2.2. PBH perturbations

2.2 PBH perturbations

Regarding PBHs there is no knowledge about the composition of the non-relativistic
matter that leads to their collapse. Even if PBH were made out of baryons, which
is most likely not the case, as their collapse is expected to take place in the RD
universe, their components would not be considered in the known baryon abun-
dance Ωb. For this reason, the matter that collapses into PBH, and consequently
the PBHs themselves, is cold dark matter (DM)4. The baryonic component of non-
relativistic matter does not contribute to the spherical collapse that leads to PBH,
thus only DM perturbations are involved.

It follows that the collapsing object mass (2.10), together with the equation of
motion in conformal time (2.6), must be written differently for PBHs, considering
DM only5.

aζ ′′ + a′ζ ′ +
(

GMtot

R3ζ2 −
4πG

3
a3ρ̃DMζ

)
= 0 (2.22)

Mtot =
4π

3
[
ρ̃DM (1 + Ψ)

]
a3R3 (2.23)

where the ensemble of dark matter and baryons make up the entire non-relativistic
matter ρ̃m = ρ̃DM + ρ̃b. It must be noted that the perturbation Ψ is different from
the one used in the previous section. In fact, while Φ = δρm

ρm
, the new perturbation

is Ψ = δρDM
ρDM

. This shift to DM fluctuations can also be written as

aζ ′′ + a′ζ ′ + γ

(
GMtot

R3ζ2 −
4πG

3
a3ρmζ

)
= 0 with γ =

Ωc

Ωm
=

Ωm −Ωb

Ωm
(2.24)

where Ωc is the non-relativistic matter abundance (see section C.3) that clusters
and could form PBHs, or DM. From this point, perturbations can be developed as
previously done in (2.14).

s(1 + s)
d2ζ

ds2 +

(
1 +

3
2

s
)

dζ

ds
+

1
2

γ

(
1 + Ψ

ζ2 − ζ

)
= 0 (2.25)

Maszaros equation (2.17) for DM then reads

s(1 + s)
d2δDM

ds2 +

(
1 +

3
2

s
)

dδDM

ds
− 3

2
γδDM = 0 (2.26)

This equation is often recalled throughout the paper. The fact that DM overdensi-
ties, instead of matter, are used in this last equation is not a problem, as they will
be used to study DM perturbations only.

4It is implicit here that cold dark matter is discussed since the ΛCDM model is being studied.
5The baryonic component is excluded because not perturbed, therefore in a confined region

Mb = 4π
3 r3ρ̃b = 4π

3 a3ζ3R3ρ̃b.
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2. Spherical model

2.2.1 Early times

Recalling subsection 2.1.1, the study of early times for DM perturbations will lead
to the same solution, but with the inclusion of the γ factor.

ζ ≈ (1− 3
2

γΨs)
1
3 ≈ 1− γ

Ψs
2

+O(s2) (2.27)

Analogously to the previous section, this equation only holds for small s and the
initial conditions are the following.

ζ(s0 ≈ 0) = 1 and
dζ

ds
(s0 ≈ 0) ≈ −γ

Ψ
2

(2.28)

2.2.2 Perturbations evolution

The presence of PBHs generates isocurvature fluctuations, as they from DM over-
densities in the RD universe. An important step for this report is to find the
perturbation evolution of these objects. This result can be achieved by solving the
evolution equation given above (2.25). However, on large scales, the linear solu-
tion provides sufficient information for this study, therefore Maszaros equation
for DM (2.26) can be used to find the fluctuations evolution of PBHs.

Resolutions of (2.26) are discussed in [14], where Maszaros equation for DM leads
to two independent solutions. It must be mentioned, that although PBHs gener-
ate isocurvature perturbations, they are not expected to explain all DM. The re-
maining component can still be considered to form adiabatic perturbations. Thus
the two solutions can be combined into these two types of fluctuations evolution:
Dad(a) represents the adiabatic perturbations component and Diso(a) the isocurva-
ture ones. The adiabatic part is well known, and its evolution will be discussed
in section 3.1 [15]. On the other hand, isocurvature perturbations property of re-
maining constant through horizon crossing and RD universe can be used to find
asymptotic solutions [14] [16] [17].

Diso(s) ≈ 1 +
3γ

2
s for s� 1 (2.29)

Diso(s) ∝ sa− for s� 1 (2.30)

However, a good fit for matching these asymptotic limits and describing the evo-
lution of isocurvature perturbations at all s is given by [14].

Diso(s) ≈
(

1 +
3γ

2a−
s
)a−

, a− =
1
4

(√
1 + 24γ− 1

)
(2.31)

where a precision of 1.5% for 0.5 ≤ γ ≤ 1 is claimed [14]. This constraint on γ is
expected to be true by observations (see Appendix A).
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2.3. Critical overdensity

2.3 Critical overdensity

A fundamental element for the calculations of this project is the critical overdensity.
This value represents the matter energy density contrast required for a perturba-
tion to collapse and it can be computed using the spherical model. The standard
value for this missing element in a MD universe, which highlights the overdensity
required for matter to collapse or virialise, is the following.

δc = 1.686 (2.32)

In this section the analytical derivation of this variable is computed, firstly only for
the case of interest, therefore in a flat MD universe, in subsection 2.3.1. Although
this first explanation is sufficient for the computations of this report, a general
derivation of the critical overdensity, which is valid at any time, is also carried out
in subsection 2.3.2.

2.3.1 Matter dominated universe derivation

It is possible to derive the critical overdensity from analytical calculations for the
scenario of interest, a MD universe (z� zeq), following article [13]. In order to do
that, the properties of a flat MD universe and its linear perturbations should be
recalled from subsection C.2.1. More specifically, the background matter energy
density (C.15) and the linear matter overdensity dependence on time (C.22).

ρ̃m =
1

6πG
1
t2 ∝

1
a3 (2.33)

and
δL ∝ a ∝ t

2
3 (2.34)

The critical overdensity determines the barrier required for a perturbation to col-
lapse. To calculate this value the spherical model is used by looking at the equa-
tion of motion dictated by gravity (2.1), where no radiation is involved, because
of matter domination.

¨̃R = −GMtot

R̃2
(2.35)

This equation can be integrated, leading to

1
2

˙̃R2 − GM
R̃

= E (2.36)

where E is the conserved specific energy on a spherical shell of radius R̃, the first
term on the left correspond to the kinetic term dictated by the expansion of the
universe ˙̃R = HR̃ and the mass M can be rewritten in terms of the overdensity of
the region of interest.

M =
4
3

πR̃3ρ̃m
[
1 + δsp

]
(2.37)
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2. Spherical model

where δsp is the spherical overdensity. Using the background energy density (2.33),
the energy conservation (2.36) can also be written as follows6.

E =
1
2

˙̃R2 − GM
R̃

= −δsp
1
2

H2R̃2 (2.38)

For a collapsing object, the specific energy must be negative E < 0, so that gravi-
tational forces prevail, hence δsp > 0. As a consequence, (2.36) has the following
solution [13].

R̃ = A(1− cos(θ)) t = B(θ − sin(θ)) (2.39)

A3 = GMB2 E = −1
2

A2

B2 < 0 (2.40)

where θ, A and B are new variables and t is the time. This result can be correlated
to physical situations considering different values of θ.

θ = 0: radius is R̃ = 0 and time t = 0, the mass shell starts expanding from a
point mass.

θ = π: the radius of the mass shell R̃ = R̃ta is maximum and time t = tta.
This situation is called turnaround and represents the moment when
the mass shell reaches its maximum extension and starts to recollapse
(see subsection 2.1.3). In fact it can be checked that ˙̃R|tta = 0. From
this, variables A and B can be computed at this moment.

A =
R̃ta

2
, B =

tta

π
(2.41)

θ = 2π: once again R̃ = 0, but the time t = tvir ≈ 2tta, the mass shell has col-
lapsed. This situation is also called virialization. In fact, not all physi-
cal objects can collapse to a singularity, but because of non-homogeneous
densities and differences from a perfect sphere, they find their equilib-
rium in a non-singular collapsed object called virialized (R̃vir ≈ 1

2 R̃ta).

Knowing the time dependent formula of the background density (2.33), the over-
density can be written in terms of θ.

ρ̃m =
3M

4πR̃3
=

3M
4πA3(1− cos(θ))3 , ρ̃m =

1
6πGt2 =

1
6πGB2(θ − sin(θ))2

(2.42)

⇒ δsp =
ρ̃m

ρ̃m
− 1 =

9
2
(θ − sin(θ))2

(1− cos(θ))3 − 1 (2.43)

Now consider an initially small perturbation δsp(ti) = δi � 1, which allows
the application of the linear regime. Since an object that undergoes a collapse,

6This result is given by the fact that in a MD universe equation (C.34) reads H2 = H2
0 Ωm

(
1
a

)3

or in proper coordinates H2 = H2
0 Ω̃m. Consequently, using abundances (see section C.3), the mass

(2.37) reads M = 4
3 πR̃3ρcrΩ̃m

[
1 + δsp

]
and the kinetic term 1

2
˙̃R2 = 1

2 H2R̃2 = 1
2 H2

0 Ω̃mR̃2.
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2.3. Critical overdensity

firstly goes through an expansion, until the turnaround, and only then collapses,
continuously increasing its overdensity, a perturbation before initial expansion
ti = t(θ � 1) is considered here. Consequently, both t and δsp can be Taylor
expanded around 0 for θ � 17.

ti = B
θ3

6
+O(θ5) (2.44)

δi =
9
2

θ6

36

(
1− θ2

10

)
+O(θ10)

θ6

8

(
1− θ2

4

)
+O(θ10)

− 1 ≈
[(

1− θ2

10

)(
1 +

θ2

4

)
+O(θ10)

]
− 1 (2.45)

≈ 3θ2

20
+O(θ4) (2.46)

⇒ δi =
3
20

(6π)
2
3

(
ti

tta

) 2
3

(2.47)

where the relations (2.41) were used in the last passage. Since δi is considered to
be small, it can be evolved using linear perturbation theory (2.34) instead of the
spherical model, to understand its limits in this regime.

δL ∝ t
2
3 ⇒ δL(t) = δi

(
t
ti

) 2
3

=
3

20
(6π)

2
3

(
t

tta

) 2
3

(2.48)

It follows that both the spherical model and linear theory overdensities can be
evolved from the initial δi to turnaround tad and virialization time tvir = 2tta.

δsp δL

ti and θi
9
2
(θi−sin(θi))

2

(1−cos(θi))3 − 1 3
20 (6π)

2
3

(
ti
tta

) 2
3

tta and θ = π 9
16 π2 − 1 = 4.55 3

20 (6π)
2
3 = 1.062

tvir = 2tta and θ = 2π ∞ 3
20 (12π)

2
3 = 1.686

While the spherical model collapse ends at infinity overdensity, meaning it reaches
a singularity, the linear model gives a finite value. Combining the two models,
this result means that if the linear perturbation is used, an overdensity δL = 1.686
would highlight the presence of a collapsed or virialized object, as described by
the more reliable spherical model. For this reason, this value is called critical
overdensity and gives the threshold for collapse, matching the value mentioned
above (2.32).

δc = 1.686 (2.49)

2.3.2 General derivation

A general derivation of the critical overdensity, which is not restricted to a MD
universe can be performed starting from the evolution of perturbation, studied

7Expanding (θ − sin(θ))2 and (1 − cos(θ))3 gives respectively θ6

36

(
1− θ2

10

)
+ O(θ10) and

θ6

8

(
1− θ2

4

)
+O(θ10).
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2. Spherical model

Figure 2.1: Evolution of the critical overdensity after radiation-matter equality
epoch. This image is taken from [14], and the critical overdensity δlin(acoll) must
be interpreted as δc(zobs) (2.53), hence a perturbation must have collapsed by acoll
or zobs.

in the spherical model (2.14). Or even better considering only the matter that
undergoes clustering (2.25). What needs to be found is the linear evolution of the
initial critical density required for collapse, so that it can be observed. However,
it is also required that virialization had happened at the time of observation. In
terms of parameter ζ, which is the deviation from the standard universe expansion
of the perturbation, this means finding a minimal initial DM overdensity δi = Ψ =
δρDM
ρDM

, which leads to collapse, or ζ = 0, at the time of the observed object. For the
purpose of this paper, the observation time can vary approximately from z = 0
until z = 20. The next derivation takes inspiration from both [14] and [18].

The analytical objective is to find δi in (2.25) with initial conditions given by (2.28),
so that at the redshift of interest the object has collapsed, or ζ has value 0.

s(1 + s)
d2ζ

ds2 +

(
1 +

3
2

s
)

dζ

ds
+

1
2

γ

(
1 + δi

ζ2 − ζ

)
= 0 (2.50)

ζ(s0 ≈ 0) = 1,
dζ

ds
(s0 ≈ 0) ≈ −γ

δi

2
, ζ(zobs) ≈ 0 (2.51)

where once again s = a
aeq

. Solving this equation leads to finding the critical initial
DM overdensity required for an object to collapse within zobs: δi(zobs). It must be
noted that depending on zobs this value can change. In addition to that, only the
initial critical overdensity δi is searched, while the form of ζ(s) is not required.
This, together with the approximations of the constraints suggests looking for a
numerical solution to the problem.

Once the value of δi(zobs) has been computed, the linear evolution of this overden-
sity can be calculated. This means that δi(zobs) can be evolved from early times
until zobs with linear theory, hence using Maszaros equation (2.26) for small pertur-
bations. The resolution of this equation has already been done in subsection 2.2.2
and leads to the evolution factor (2.31).

Diso(a) ≈
(

1 +
3γ

2a−
a

aeq

)a−
, a− =

1
4

(√
1 + 24γ− 1

)
(2.52)
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2.3. Critical overdensity

This is used to linearly evolve the critical overdensity until zobs [14].

δc(zobs) = Diso(zobs)δi(zobs) (2.53)

More concretely the critical overdensity δc(zobs) represents the overdensity thresh-
old at zobs over which a perturbation must have collapsed or virialized. Thus
every observed density contrast, which is equal to or higher than δc(zobs) at zobs,
indicates a collapsed object. The value δc = 1.686 can be derived considering all
matter as clustering (γ = 1) and setting zobs = 0. However, it is also possible to
find the critical overdensities for many different and high redshifts.

On the other hand, solving (2.50) is not straightforward and could require complex
numerical methods. In Figure 2.1 a plot of critical overdensities over a large span
of redshifts is reported, taken from [14]. This shows that the value δc = 1.686 is in
fact a very good approximation for the MD universe, especially for z . 100. For
this reason, the result (2.32) is used throughout this report.
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3 Galaxy formation with Poisson
distributed PBHs

The article “Accelerating early massive galaxy formation with primordial black
holes” [9] tries to give an explanation of how an initial Poisson distribution of
PBHs in the universe could have led to boost galaxy formations, to match with
JWST observations. In this chapter, a similar analysis of that study is reported.
The objective of this task is both educational, to better understand the concepts
behind this work, by having the possibility to compare the results, and for re-
search purposes. In fact, this chapter represents the first part of this study. In
the next chapter, the limits of this analysis will be studied, together with possible
improvements.

PBHs are still surrounded by mystery since their existence has not been proven
yet nor their variables have been fixed. The goal of this study is to determine the
stellar mass density, for different PBH parameters. Specifically, the fraction of DM
occupied by PBHs fPBH and their mass mPBH, considering them to be monochro-
matic1. Finding the stellar mass density for different variables will highlight if
and which possible combination could have enhanced galaxy formation so that
JWST observations had been possible.

This chapter’s analysis proceeds as follows: in section 3.1 the power spectrum is
discussed, at first the adiabatic component only, recalling its general derivation,
then the isocurvature power spectrum, coming from the addition of PBHs to the
universe. In section 3.2 the Press-Schechter (PS) formalism is introduced, as this
is the model used to compute the halo mass function (HMF). In section 3.3, the
previous findings are put together to calculate the resulting stellar mass density.
In addition to the analytical results, this section also includes the numerical ones.
Lastly, section 3.4 concludes this chapter with a discussion of the results obtained
and a small comparison with the conclusions of article [9].

1The assumption that PBHs are monochromatic is clearly a simplification, which should how-
ever describe relatively well a distribution of masses around the chosen one.
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3.1. Power spectrum

3.1 Power spectrum

The first step in this study is to understand and derive the matter power spec-
trum of the ΛCDM standard model before, and with the addition of PBHs after.
The power spectrum is a powerful tool in cosmology which is used to describe
different overdensities of the universe depending on the scale. Mathematically is
defined as the Fourier transform of the matter correlation function. In Appendix D
an introduction about the properties and usage of the power spectrum is reported.

In this section, the standard model adiabatic power spectrum and the isocurvature
one coming from a Poisson distribution of PBHs are computed and shown.

3.1.1 Adiabatic power spectrum

The derivation of the adiabatic power spectrum is complex and related to obser-
vations. In this first part, a brief introduction of its origin, in terms of two main
components, transfer function and growth factor, is proposed, following the refer-
ences [19], [20] and [21]2.

One way to calculate the power spectrum is to consider the universe as a fluid and
start from the Poisson equation to find a relation between energy overdensities of
non-relativistic matter perturbations (baryons and dark matter). In particular in
the matter domination, after radiation-matter equality zeq

3, the universe can be
considered as composed of a single fluid, since radiation do not play a significant
role anymore. The linearized Poisson equation then reads as follows [20] [21].

∇2δϕ(x̃, a) = 4πGδmρ̃m(x̃, a) = 4πGρ̃m(a)δm(x̃, a) (3.1)

where δm = δρ̃m
ρ̃m

= δρm
ρm

as defined in (1.1), with ρ̃m being the proper mean matter
energy density, thus only depending on the scale factor a. The term δϕ repre-
sents the fluctuation of the gravitational potential used in perturbation theory. In
Fourier space (3.1) transforms to the equation shown below.

k2δϕ(k, a) = 4πG
ρm
a

δm(k, a) (3.2)

where the additional a comes from the fact that a transformation to comoving
coordinates is applied (see subsection C.1.1). For clarity, the proper variables are
written here extensively.

k̃ =
k
a

, ρ̃m =
ρm
a3 =

Ωmρcr

a3 , ρcr =
3H2

0
8πG

(3.3)

where ρcr is the so called critical density (see section C.3). This leads to find the
matter overdensity explicitly.

δm(k, a) =
2k2a

3ΩmH2
0

δϕ(k, a) (3.4)

2In particular chapter 8 of [20] and chapter 19 of [21].
3For the precise value of zeq see Appendix A.
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3. Galaxy formation with Poisson distributed PBHs

This equation is valid within the Hubble horizon (see section C.4), hence for k <
aH, meaning for perturbations which re-entered the Hubble horizon (lH = 1

aH )4.

On the other hand, the gravitational field perturbation δϕ can be written in terms
of transfer function T(k), growth factor D(a) and an additional term coming from
its initial conditions Φ(k) [20] [21].

δϕ(k, a) = T(k)D(a)Φ(k) (3.5)

Details on these three components are found below.

3.1.1.1 Initial curvature perturbation

The term Φ(k) represents the curvature perturbations generated during inflation.
Without going into too many details, the derivation of Φ(k) for a MD universe
comes from perturbed Einstein equations [21].

δGµ
ν = 8πGδTµ

ν (3.6)

where Gµ
ν is the so called Einstein tensor and Tµ

ν is the energy-momentum tensor.
These last equations are the linearization of the more general energy-momentum
conservation.

∇µTµ
ν = 0 (3.7)

The Poisson equation mentioned above (3.1), comes in fact from the (0, 0) compo-
nent of Einstein equation (3.6) with the approximations that a single-component
fluid (MD universe) is considered, within the Hubble horizon k� aH.

In order to find the value of the initial curvature perturbation a complex analysis is
required. Specifics of this derivations are beyond the scope of this study, however
a brief summary is reported here5. The initial perturbations are based on adiabatic
conditions for all relevant modes. To find their values, the introduction of two new
variables ζ and R for the adiabatic modes is required. These new variables can be
used to find the following equalities. For the RD universe

R =
3
2

ΦRD (3.8)

where ΦRD is constant over k and represents the perturbation conditions deep in
the RD universe. For the RD-MD transition

ζ =
3
2

ΦRD =
5
3

ΦMD ⇒ ΦMD =
9

10
ΦRD (3.9)

where ΦMD is also constant and represents the perturbation conditions deep in
the MD universe. This leads to finding two different relations between the new
cosmological variable R and the perturbation conditions for RD and MD universe.

R =
3
2

ΦRD and R =
5
3

ΦMD (3.10)

4The normalization here and throughout the report is k = 1
L instead of k = 2π

L , where L is the
characteristic length of the perturbation. See Appendix D.

5An extensive explanation can be found in sections 19.2-3 of [21].
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3.1. Power spectrum

These relations are important because, while the value of R cannot be measured,
its autocorrelation function can.

〈|R(k)|2〉 = PR(k) = 2π2ARk−3
(

k
kp

)ns−1

(3.11)

where AR is also called the primordial power spectrum amplitude at pivot scale
kp and ns is the scalar spectral index. This power spectrum is evaluated with a
power law solution around a reference value, the pivot scale kp, which normally
has a defined value of kp = 0.05 Mpc−1. The value of AR can be calculated from
observations, but also depends on the chosen cosmological models. The best fit
for AR so far, considering an ΛCDM model, is evaluated in [22] and its value is
listed in Appendix A, as well as the one for ns. As a consequence of (3.10) the
initial condition of the power spectra in RD and MD are written below.

PRD(k) =
4
9

PR(k) =
8
9

π2ARk−3
(

k
kp

)ns−1

(3.12)

〈|Φ(k)|2〉 = PMD(k) =
9
25

PR(k) =
18
25

π2ARk−3
(

k
kp

)ns−1

(3.13)

where the MD primordial power spectrum is the autocorrelation function of the
initial conditions of the perturbation from (3.5).

3.1.1.2 Transfer function

Secondly, the transfer function T(k) is defined as follows [20].

T(k) =
δϕ(k, a)

δϕlarge−scale(k, a)
(3.14)

It describes the evolution of perturbations through the epochs of horizon cross-
ing. Once again, without going into the complexity of its derivation, the transfer
function can be approximated with observations. A useful explicit fitted solution,
known as BBKS6 transfer function, is written below [21].

T(k) =
ln (1 + 0.171κ)

0.171κ

[
1 + 0.284κ + (1.18κ)2 + (0.399κ)3 + (0.490κ)4

]− 1
4

(3.15)

where κ = k
keq

and keq is the inverse comoving horizon at RD-MD equality.

3.1.1.3 Growth factor

Lastly, the growth factor D(a) is defined as the wavelength-independent growth
of the perturbations due to gravity and the expansion of the universe [20].

D(a) =
D+(a)

a
=

δϕ(k, a)
δϕ(k, a′)

, a > a′ (3.16)

6BBKS approximation comes from the physicists who found this fit: Bardeen, Bond, Kaiser and
Szalay [23].
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3. Galaxy formation with Poisson distributed PBHs

The explicit formula that describes this parameter can be found analytically [21].

D+(a) =
5Ωm

2
h(a)

∫ a

0

da′

(a′h(a′))3 (3.17)

where h(a) = Ω
1
2
ma−

3
2 is the dimensionless Hubble parameter in a MD universe,

with time dependence on the scale factor. For a MD universe with Ωm = 1
D+(a0) = a0 and consequently D(a0) = 1. As was the case for the transfer
function, it is possible to approximate the growth factor and write it in terms
of abundances instead of scale factor [24].

D(a) = D(Ωm, ΩΛ) ≈
5Ωm

2
[

Ω
4
7
m −ΩΛ +

(
1 + Ωm

2

) (
1 + ΩΛ

70

)] (3.18)

Nevertheless, in this report (3.17) is used.

3.1.1.4 Final adiabatic power spectrum

Now that all the elements composing the perturbation (3.5) have been defined, the
adiabatic power spectrum can be computed. It must be noted that both transfer
function and growth factor may vary depending on the model and convention
used. In this case, the model for fitting is the ΛCDM standard model.

The power spectrum can be found by applying the autocorrelation function to the
matter overdensity (3.4) and plugging in the gravitational field perturbation found
before (3.5) together with the initial curvature fluctuations (3.13).

P(k, a) =
18π2

25
AR

(
D+(a)T(k)

H2
0 Ωm

)2 kns

kns−1
p

(3.19)

where the explicit transfer function is (3.15) while the growth factor used in this
report is given by (3.16) .

Finding an approximated explicit formula for the power spectrum is also possible
by substituting the elements discussed above in this result.

P(k, a) =
9π2ARkns

2H4
0 kns−1

p
h2(a)

(∫ a

0

da′

(a′h(a′))3

)2

(3.20)

ln (1 + 0.171κ)2

(0.171κ)2
√

1 + 0.284κ + (1.18κ)2 + (0.399κ)3 + (0.490κ)4

where κ = k
keq

and there are many constants that need to be evaluated: AR pri-
mordial power spectrum amplitude at pivot scale kp, scalar spectral index ns, and
Hubble parameter at present time H0. Their measured values, coming from obser-
vations [22], can be found in Appendix A and once applied to the formula (3.20)
lead to finding the adiabatic power spectrum, shown in Figure 3.1.
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3.1. Power spectrum

Figure 3.1: Standard ΛCDM adiabatic power spectrum evaluated with formula
(3.20), over different redshifts. The peak shows the turnover of power spectrum at
equality between MD and RD, since the standard ΛCMD suppresses perturbations
that reenter the Hubble horizon in RD. The values used for the calculation of the
power spectrum are found in Appendix A.

3.1.2 Isocurvature power spectrum

In order to finalise the power spectrum, with the inclusion of PBHs, the addition
of a component due to the isocurvature perturbations is needed. In fact, as men-
tioned before, PBHs are expected to be the only component to initially generate
isocurvature perturbation, since they form from isothermal overdensities of DM
in a RD universe (see section 2.2). Therefore achieving the objective of completing
the power spectrum with PBHs requires turning the attention to DM. The steps to
do that are described below and follow the articles [14] and [25].

3.1.2.1 Dark matter perturbations

The assumption made by asserting the existence of PBHs is that they make up
a fraction of DM: fPBH, not all of it. The remaining DM can be considered to
be composed of other weakly interacting massive particles: particle dark matter
(PDM). In terms of perturbations, these two components have different properties.
While PBHs generate isocurvature perturbation, the rest of DM is considered to
be part of the ΛCDM model, hence has adiabatic fluctuations.

δDM(a) = Dad(a)δ0
ad + Diso(a) fPBHδ0

iso = (1− fPBH)δPDM(a) + fPBHδPBH(a) (3.21)

where Dad(a) and Diso(a) play a role similar to the growth factor, but not ex-
actly, respectively for the adiabatic and isocurvature perturbations. For this rea-
son, these functions are called evolution functions in this report. The superscript
0 indicates a time prior to the entry in the Hubble horizon, hence these terms are
considered the initial overdensities.

Despite PBHs being the only objects that initially produce isocurvature perturba-
tion, this does not exclude that they can also influence adiabatic fluctuations. In
addition to that, PDM can acquire an isocurvature perturbation component due to
interaction with PBHs. In any case, it is assumed that all adiabatic perturbations,
due to PDM, PBH or baryons, are the same before entering the horizon. All the
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3. Galaxy formation with Poisson distributed PBHs

elements together are expected to produce one set of adiabatic fluctuations. Con-
sequently, also their primordial relative velocity is considered to be the same. It
follows that their adiabatic overdensities behave in the same way, since they are in-
dependent of their separate energy density magnitude. Even if ρb 6= ρPDM 6= ρPBH,
the equalities of their adiabatic overdensities components δ0

ad = δ0
b = δ0

PDM = δad 0
PBH

and δ̇0
ad = δ̇0

PDM = δ̇ad 0
PBH are valid. On the other hand, PBHs are the only entities

generating isocurvature perturbations, which are considered to remain still, even
after crossing the horizon [14]. Thus they have a negligible initial relative velocity
δ̇0

iso ≈ 0.

As a consequence of what was mentioned above, adiabatic perturbations have the
property that their different components move together and maintain the same
ratios. These perturbations modify the total energy density spatially. For ρ1, ..., ρn
components with adiabatic perturbations, their relative variations should be the
same.

δ1

δ̇1
=

δ2

δ̇2
= ... =

δn

δ̇n
(3.22)

On the other hand, isocurvature perturbations do not need to respect this property
having different components composition.

Sij =
δi

δ̇i
−

δj

δ̇j
6= 0 (3.23)

However for this second type of fluctuation, the total energy density stays the
same on large scales.

Some considerations on the initial overdensities, hence before entering Hubble
horizon, can be made. From what was said above, the adiabatic component of
perturbations coming from PBH and PDM should be the same.

δ0
PBH = δ0

ad + δ0
iso, δ0

PDM = δ0
ad (3.24)

⇒ δ0
PBH − δ0

PDM = δ0
iso (3.25)

Additionally, since initial isocurvature perturbations are assumed to be still, this
difference should be constant through time.

δPBH(a)− δPDM(a) = δ0
iso (3.26)

Despite the initial PDM fluctuations being purely adiabatic, the evolution of PDM
cannot be set equal to the only adiabatic overdensity discussed in subsection 3.1.1.
The reason for this is that PBH can influence the adiabatic overdensities and the
other way around. The explicit formula for PDM and PBH overdensities is thus
the following.

δPDM(a) = Dad(a)δ0
ad + (Diso(a)− 1) fPBHδ0

iso (3.27)

δPBH(a) = δ0
iso + δPDM(a) (3.28)

An additional approximation that can be performed is to set the initial PBHs
perturbation to be only isocurvature ones δ0

iso ≈ δ0
PBH [14]. In fact, the origin

of perturbations due to PBH is completely different from the adiabatic one. For
this reason, the properties of the two perturbations are so different that it can be
expected that PBHs only generate isocurvature perturbations.
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3.1.2.2 Isocurvature perturbations

While for the adiabatic perturbations, which are similar for each component, the
evolution function is well known, and can be extracted from subsection 3.1.1, for
isocurvature fluctuations it still needs to be defined. In fact, both evolution factor
Diso(a) and initial perturbation δ0

iso for this latter type of perturbation are still to
determine.

Regarding the first missing piece, subsection 2.2.2 can be recalled, where this
topic was already discussed and solved. That analysis led to the result that for
the studied scenarios (where 0.5 ≤ γ ≤ 1) a good fit for the evolution factor is the
following (2.31).

Diso(s) ≈
(

1 +
3γ

2a−
s
)a−

, a− =
1
4

(√
1 + 24γ− 1

)
(3.29)

where once again s = a
aeq

and γ = Ωc
Ωm

= Ωm−Ωb
Ωm

is the non-relativistic fraction of
matter that clusters, hence DM.

Secondly, the initial isocurvature overdensity is required δ0
iso. However, from the

previous subsubsection the usage of the approximation δ0
iso ≈ δ0

PBH is justified.
Since the PBHs are discrete and randomly distributed objects, their initial power
spectrum, hence autocorrelation function (see D.9), instead of their overdensity
can be found. Knowing these properties, the PBHs’ Poisson distribution can be
used to find their primordial power spectrum, which must be given by a shot noise
(or Poisson noise)7 [9].

P0
PBH(k) =

1
nPBH

(3.30)

where nPBH is the comoving number density of PBHs. This last value can be
written explicitly for a monochromatic mass function of PBH with mass mPBH,
which is the case studied.

nPBH =
ρcr fPBHΩDM

mPBH
= fPBH

3H2
0

8πG
Ωm −Ωb

mPBH
(3.31)

With these elements, the isocurvature power spectrum can be computed following
(3.21) and (D.9).

Piso(k, a) ≈
D2

iso(a) f 2
PBH

V
〈
|δ0

iso|2
〉
≈ D2

iso(s) f 2
PBH

1
V
〈
|δ0

PBH |2
〉

= D2
iso(s) f 2

PBHP0
PBH =

D2
iso(s) f 2

PBH
nPBH

(3.32)

where s = a
aeq

, Diso(s) is given by (3.29) and nPBH by (3.31).

3.1.3 Total power spectrum

The total power spectrum must be a combination of adiabatic and isocurvature
spectra, which were find respectively in subsection 3.1.1 and 3.1.2.

7A derivation of this property is carried out later in subsection 4.2.1.

2023/03/03 Giona Sala 23
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Before computing the final result, it is necessary to look back at the DM compo-
nent only. In fact, from (3.21) the power spectrum for the total DM overdensity
can be calculated to be the following.

PDM(k, a) = D2
ad(a)P0

ad(k) + D2
iso(a) f 2

PBHP0
iso(k) + Pmix(k, a) (3.33)

where P0
ad and P0

iso are respectively the primordial power spectrum of the adiabatic
and isocurvature perturbations. The term Pmix is the mixing power spectrum
given by the interference of the two modes, in particular, the influence of the
isocurvature perturbations on adiabatic ones8.

Besides, it is also interesting to look at PDM and PBH power spectra separately.
Their formulas can be calculated by applying the autocorrelation to their overden-
sities (3.27) and (3.28).

PPDM(k, a) = D2
ad(a)P0

ad(k) + (Diso(a)− 1)2 f 2
PBHP0

iso(k) + Pmix
PDM(k, a) (3.34)

PPBH(k, a) = D2
ad(a)P0

ad(k) + [1 + (Diso(a)− 1) fPBH ]
2 P0

iso(k) + Pmix
PBH(k, a) (3.35)

where P0
ad and P0

iso are respectively the primordial power spectrum of the adiabatic
and isocurvature perturbation, while Pmix

PDM and Pmix
PBH are the power spectra that

describe the mixing of the two modes for PDM and PBH.

Nonetheless, the mixing term can be neglected due to the weak correlation be-
tween adiabatic and isocurvature perturbations. In fact, this event is not expected
to play any relevant role, as its value is small [9] [14].

Finally, all the steps done before can be put together. Clearly the total perturbation
is given by the addition of the adiabatic power spectrum of subsection 3.1.1 to the
isocurvature one of subsection 3.1.2, similarly to (3.33). The adiabatic component
of (3.33) does not add up, as it is expected to be the same as the one found before,
following the discussion in subsubsection 3.1.2.1. Therefore, while (3.19) provides
the formula for the adiabatic part, (3.32) does the same for the isocurvature per-
turbations. The result is summarised below [9] [25] [26].

P(k, a) = Pad(k, a) + Piso(k, a), Piso(k, a) ≈ [ fPBHDiso(a)]2

nPBH
(3.36)

with values

Diso(s) ≈
(

1 +
3γ

2a−
s
)a−

, s =
a

aeq
(3.37)

γ =
Ωm −Ωb

Ωm
, a− =

1
4

(√
1 + 24γ− 1

)
(3.38)

nPBH = fPBH
3H2

0
8πG

Ωm −Ωb

mPBH
(3.39)

8This means that adiabatic perturbations can influence the isocurvature themselves and vice
versa. This is different from saying that adiabatic/isocurvature fluctuations perturb PBHs/PDM. In
fact, this latter behaviour is already included in (3.27) and (3.28) by having adiabatic/isocurvature
components in their overdensities.

24 Giona Sala 2023/03/03



3.1. Power spectrum

(a)

(b)

(c) (d)

Figure 3.2: Total power spectrum at different redshifts and for different PBH vari-
ables, analogously to [9]. The power spectrum comes from formula (3.36) and is
evaluated with quantities from Appendix A.

where fPBH is the fraction of dark matter in form of PBHs and mPBH is the
monochromatic mass of PBHs.

Figure 3.2 shows the numerical results of the total power spectrum (3.36) once the
observed values from Appendix A are inserted.
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3.2 Press-Schechter

In this section, an important model to predict the HMF is introduced, which is
called by the name of its inventors: Press-Schechter formalism [27]. This is a sta-
tistical model used to estimate the number density of virialized objects, hence the
HMF. It is based on the assumption that a critical overdensity of a smoothed den-
sity contrast, for which clumps collapse, can be identified, and the volume of the
perturbation that reaches that threshold is related to the mass of the halo formed.
This means that large amplitude perturbations, which are found at small scales
and have non-linearities, do not play an important role on a wider scale, since
their mass is found to be related to the volume of a specific smoothed threshold,
the critical overdensity. Although PS formalism is not as rigorous as other models,
it is able to well describe the formation of non-linear structures, and their masses,
by using linear theory and critical overdensity.

The critical overdensity, which is covered in detail in section 2.3, represents the
linear evolution of energy contrast required for a collapse to have taken place in
the past.

In this section, the PS formalism is discussed by first introducing smoothed over-
densities with the window functions, in subsection 3.2.1. A brief part on fluctuations
distribution will follow in subsection 3.2.2, while the actual PS formalism will be
applied only in the last part, subsection 3.2.3, leading to the HMF. The study
found below regarding the PS model, follows the steps of the article [28]. In con-
clusion, as the analysis is done using the spherical model, in subsection 3.2.4 the
ellipsoidal correction is discussed and an adjusted HMF is computed [29].

3.2.1 Window function

In order to make it easier to deal with functions with high peaks or irregularities
a window function (or filter) can be introduced. In this scenario, the window
function is used to smooth large overdensities. Its application can be done as
follows.

δ(x, RW) =
∫

d3x′W(|x′ − x|, RW)δ(x′) (3.40)

where W(|x′ − x|, RW) represents the window function that weights and smooths
the function of interest, while RW is the scale of interest that needs to be smoothed.
In Fourier space, this translates to

δ(k, RW) = W(k, RW)δ(k) (3.41)

where the Fourier transforms of each component are used.

Window functions can have different forms and characteristics, one of them is
their volume of influence, which is calculated in real space.

VW =
∫

d3xW ′(x, RW) (3.42)

and is called window volume. W ′ is the normalized dimensionless window function
W = W ′

VW
. This volume is related to the smoothing scale VW ∼ R3

W . The three most
common window functions are the following.
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3.2. Press-Schechter

• Real-space tophat window:

W(x, RW) =

{
3

4πR3
W

x ≤ RW

0 x > RW
(3.43)

W(k, RW) =
3 [sin(kRW)− kRW cos(kRW)]

(kRW)3 (3.44)

and has window volume VW =
4πR3

W
3 .

• Fourier-space tophat window:

W(k, RW) =

{
1 k ≤ R−1

W

0 k > R−1
W

(3.45)

W(x, RW) =
1

2π2R3
W

[
sin(xR−1

W )− xR−1
W cos(xR−1

W )
]

(xR−1
W )3

(3.46)

The window volume is not well defined.

• Gaussian window:

W(x, RW) =
e
− x2

2R2
W

(
√

2πRW)3
(3.47)

W(k, RW) = e
− k2

2R−2
W (3.48)

and has window volume VW = (2π)
3
2 R3

W .

3.2.2 Density fluctuations

The overdensity field is expected to be present in the universe with a random
probability, hence dictated by a Gaussian field. This property can be applied to
the case of smoothed functions at scale R. Therefore for each smoothing scale,
the variance of the searched Gaussian random field can be found by applying the
normal method.

σ2(R) = 〈δ2(x, R)〉 =
∫

d ln(k)∆2(k, a)|W(k, R)|2 (3.49)

The Gaussian distribution for smoothed overdensities at scale R can then be writ-
ten in its classic form.

pG(δ, R)dδ =
1√

2πσ2(R)
e
− δ2

2σ2(R) dδ (3.50)

Since a hierarchical density field model is assumed, structures at all scales should
exist, but as the scale gets very small, they fade away leaving room for single
components that do not really have neither structures nor overdensities.

R→ 0 ⇒ σ2(R)→ ∞ ⇒ G(δ, R)→ 0 (3.51)
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3.2.3 Halo mass function

The PS model can now be applied to the smoothed perturbation distribution, con-
sidering that overdensities higher than the critical one δc lead to a collapse or
virialization. This overdensity threshold is therefore a key ingredient for PS for-
malism, in addition to primordial density fluctuations (power spectrum) and evo-
lution (growth factor) characterizations. The value of this critical overdensity has
been found using the non-linear spherical collapse and is discussed in detail in
section 2.3. Following PS theory, the regions with smoothed overdensity higher
than the threshold δc will then have mass proportional to the window volume for
which the barrier is crossed. This proportionality is applied by multiplying this
window volume by the background energy density. Thus for matter overdensities,
the virialized object masses can be approximated with the formula written below.

M(R) = VW(R)ρm (3.52)

Finding the halo mass function requires an additional reasoning step coming from
PS formalism. In order to do this, it must be noted that for every region of scale
R with smoothed overdensity higher than the threshold δ(x, R) > δc, there is a
larger scale R′ > R for which the same region exactly meets the critical value
δ(x, R′) = δc. From this concept, it follows that the probability of finding a region
of scale R with overdensity above the threshold is equal to the fraction given
by the volume occupied by virialized objects with a window scale larger than
R. In fact for the above reasoning, a region larger than the scale that virializes
R′ > R should be composed of many smaller regions of scale R which exceed the
threshold. This probability or volume fraction F(M) can be calculated by using the
Gaussian probability (3.50). Since the interest is focused on the mass of virialized
objects, instead of their window volume, the mass can be kept as the variable by
using the equation shown above (3.52).

F(M) =
∫ ∞

δc

pG(δ, R(M))dδ =
1
2

erfc
(

ν(M)√
2

)
(3.53)

where ν(M) = δc
σ(M)

and erfc is the complementary Gauss error function9.

The limit for small scale R → 0 should give the fraction of all virialized masses.
Nevertheless, it leads to the result F(M) = 1

2 , while the value 1 is expected because
on that scale every object can be considered as collapsed on itself. The proposal
from PS is that this problem arises because underdense regions are not taken into
account. They should in fact collapse onto overdense regions through accretion
and double their volume. For this reason the result (3.53) needs to be multiplied
by a factor of two10.

F′(M) = 2F(M) = erfc
(

ν(M)√
2

)
(3.54)

9The (Gauss) error function is used to describe the integration of a normal distribution in a
simpler way and can be written explicitly as erf(z) = 2√

π

∫ z
0 dte−t2

. Its complementary function

used here is erfc(z) = 1− erf(z).
10This is one of the flaws of PS formalism, which applies a factor of 2 without a proper justifica-

tion. Nonetheless, the success of the model seems to excuse this correction.
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3.2. Press-Schechter

The final step to reach HMF consists in calculating the number of virialized objects
with mass between M and M + dM.

dn
dM

dM =
ρm
M

∣∣∣∣dF′(M)

dM

∣∣∣∣ dM =

√
2
π

ρm
M2 ν

d ln(ν)
d ln(M)

e−
ν2
2 dM (3.55)

where ν = δc
σ as before.

This is the result of PS formalism, which has multiple applications, however when
applied to the formation of halos and their virialization it can be called halo mass
function. In fact, it describes the number of non-relativistic matter halos (both
baryonic and dark matter) with a mass between M and M + dM, which can lead
to galaxy formation.

3.2.4 Ellipsoidal correction

Although the formula (3.55) already provides a good approximation of the HMF,
an additional correction can be applied to this result. This adjustment comes from
the assumption that the collapse of objects is more likely to have an ellipsoidal
shape rather than a perfect spherical one. This problem is discussed in detail
in [29] and [30], while here only a brief summary of the results is reported.

Equation (3.55) has two main dependencies on cosmological properties both in-
cluded in the term ν(M) = δc

σ(M)
. While the variance σ(M) depends on the shape

of the power spectrum, the critical overdensity δc is based on the underlying dy-
namics of the non-linear collapse of objects. The value of this latter element is
based on the spherical collapse, as discussed in section 2.3 and is therefore the one
that should be modified to incorporate the ellipsoidal corrections. As explained
in [29] the ellipsoidal collapse has three additional parameters: initial ellipticity
e, prolateness p, and density contrast δec. A reasonable approximated relation
between ellipsoidal and spherical critical overdensity is the following [29].

δec(e, p)
δc

= 1 + β

[
5(e2 ± p2)

δ2
ec(e, p)

δ2
c

]λ

(3.56)

where β = 0.47 and λ = 0.615, while the plus (minus) is used for p positive
(negative).

Including the new variables e and p leads to the problem of evaluating them. In
fact, the range of these values can differ depending on the dimension R and mass
M of the collapsing object. It is possible to average δec(e, p) over the distribution
of e, p and δc

σ(M)
suitably. Considering a Gaussian field as usual, this leads to

prolateness p = 0 and typical initial ellipticity e = σ(M)√
5δc

[29]. A simplified solution
for the ellipsoidal critical density contrast can then be written [29].

δec(e, p) = δc

[
1 + β

(
σ2(M)

δ2
c

)λ
]

(3.57)

With this result, it can be seen that for more massive objects (which means smaller
variance σ(M)), the collapse is well described by the spherical solution. For the
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collapse of smaller objects, the importance of external tides, hence their ellipsoidal
shape, becomes more relevant instead.

Without going into details, article [29] applies the ellipsoidal correction (3.57) and
provides the results of numerical simulations, trying different approaches. The
result consists of the best fit for the HMF, instead of (3.55), considering these
adjustments and is reported below [29].

dn
dM

dM =

√
2
π

A
(

1 +
1

ν′2q

)
ρm
M2 ν′

d ln(ν)
d ln(M)

e−
ν′2
2 dM (3.58)

where ν′ =
√

aν with a = 0.707, q = 0.3 and A ≈ 0.322 [29].
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3.3 Stellar mass density

In order to conclude the analysis of how PBHs could have influenced galaxy for-
mation, the stellar mass density must be calculated, as it represents the possible
observable quantity. In order to do that, PS formalism application is performed
following the process done in [9].

With all the tools studied in the previous sections, it is now possible to calculate
the comoving cumulative stellar mass density, hence the density of galaxies with stel-
lar mass M∗ or higher. This result is achieved by putting together the halo mass
function (3.55) found with PS formalism, or (3.58) with ellipsoidal correction, and
the star formation efficiency (SFE) ε = M∗

fb Mhalo
, where fb = Ωb

Ωm
and Mhalo is the min-

imum halo mass of the galaxies of interest. The SFE is a fundamental parameter
for the computation of stellar mass from DM halos, which however has not been
measured yet. Thus SFE is a free parameter. Consequently, the total stellar mass
density of galaxies, formed from DM halos, with a mass larger than M∗ is found
below [6] [9].

ρ∗(> M∗) = ε fbρ(> Mhalo) = ε fb

∫ ∞

Mhalo

M
dn
dM

dM (3.59)

3.3.1 Plots and results

In this subsection, the different graphs, replicating [9], but also additional ones,
are shown and their numerical calculation is discussed. The way the stellar mass
density is plotted is pretty straightforward and involved the utilisation of the soft-
ware Mathematica. The results of the power spectrum from section 3.1 (equation
(3.19) complemented by (3.15) and (3.17) for the adiabatic power spectrum and
(3.36-3.39) for the PBH component) are used to compute the variance (3.49) apply-
ing a Gaussian window (3.48). In addition to that, the Gaussian window volume
was used to shift variables, from size to mass, using (3.52). Unfortunately, the
variance resulting from the adiabatic power cannot be computed by Mathematica
directly, as it involves operations that cannot be carried out analytically. Conse-
quently, a power law logarithmic fit was performed on it σ2

ad ≈ c1M−c2 , for the
range of masses of interest, which is approximately 104 − 1014M� from [9].

Afterwards, the HMF, for both the pure PS model (3.55) and the one with ellip-
soidal correction (3.58) are computed, using the critical density δc = 1.686 (2.32).
For the final step, these two HMFs are inserted in (3.59) to output the searched
stellar mass densities. The numerical results are computed by applying measured
values, mostly given by Plank Collaboration [22]. The constants used are listed in
Appendix A.

As mentioned above, both scenarios, with and without ellipsoidal correction, are
studied for different PBH variables, which are reported in Table 3.1. It must be
noted that PBH fraction of DM fPBH and monochromatic mass mPBH always come
together in the stellar mass density function (3.59). For this reason, the last column
of Table 3.1 is particularly interesting, as it represents one single PBH variable that
could vary the cumulative stellar mass density.
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(a)

(b) (c)

(d)

(e) (f)

Figure 3.3: Comoving cumulative stellar mass density (3.59) for Press-Schechter
model in Figure 3.3a, 3.3b and 3.3c and with ellipsoidal corrections in Figure 3.3d,
3.3e and 3.3f. These results come from the explanations above and are calculated
for different parameters reported in Table 3.1. The numerical evaluation is per-
formed using quantities from Appendix A. In addition to that, two galaxy popu-
lations observed by JWST at redshift z ∼ 10 and reported in (3.60) are plotted in
Figure 3.3a and 3.3d [5].
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(a)

(b) (c)

Figure 3.4: Since Figure 3.3 displays the stellar mass density with two different
approaches (3.55) and (3.58), these graphs highlight the relative difference between
the two cases.

fPBH mPBH fPBHmPBH
1 3 · 10−4 3 · 105M� 90M�
2 10−5 109M� 104M�
3 10−4 1010M� 106M�

Table 3.1: PBH variables in Figure 3.3.

Figure 3.3 shows the cumulative stellar mass density at redshift 10, 15 and 20, for
two different SFEs and compares the cases including PBHs with the ΛCDM model
scenario, similarly to [9]. The results are reported twice, whereas the second time
ellipsoidal corrections are included. On the other hand, Figure 3.4, shows the
relative error between the two previous models, for each time reference. It is clear
that the ellipsoidal correction is able to increase the stellar mass density as the
mass increases. It is therefore important to take this adjustment into consideration.

In Figure 3.3a and 3.3d, in addition to the stellar mass densities, two values of
reference at z = 10 are highlighted. Analogously to [9], these values represent the
estimated cumulative stellar mass densities for M∗ & 1010M� and M∗ & 1010.5M�.
As mentioned before, in the last year, JWST opened the possibility of observing
the universe at very high redshifts. In article [5], more than a dozen observations
of very massive galaxies M∗ & 1010M� are reported, which were used to calculate
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the values displayed in [9].

ρ∗(& 1010 M�) ≈ 1.3+1.1
−0.6 · 106 M�Mpc−3 (3.60)

ρ∗(& 1010.5 M�) ≈ 9+11
−6 · 105 M� Mpc−3

It must be noted, that the exact shape of the curves of Figure 3.3 is dependent
on the fit of the adiabatic component of the variance, especially moving to higher
masses. Despite the general shape of Figure 3.3 matches with article [9] results,
the exact shape does not, as it can vary through this process. In fact, these plots
are very rough, since they are the results of many approximations and estimations.
Nevertheless, the general outcome of [9] and these figures can be considered as
analogous.
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3.4 Discussion for Poisson distributed PBHs

In order to close this chapter, a few words must be spent on the results obtained
in the previous section. The main conclusions are clearly the same as in [9], as this
part of the study is analogue to this article.

From Figure 3.3 it can be understood that only for very high values of fPBHmPBH
the observations of JWST at z ∼ 10 can be reached. In fact, the only line that passes
them is given by fPBHmPBH = 106M� with the highest SFE considered. Therefore
it can be expected that fPBHmPBH would be even higher with a lower SFE. From [9]
the limits are approximately fPBHmPBH & 2 · 105M� for ε = 1 and fPBHmPBH &
6 · 106M� for ε = 0.1. This means that the mass is expected to be at least 105M� as
fPBH can have a maximum value equal to 1. However, this last quantity is further
restricted by observation of BHs accretion effects for the previously mentioned
masses [31] [32], and by dynamical friction for higher ones [33], as shown in
Figure 3.5 [2]. These constraints limit the possible combinations that produce
fPBHmPBH & 2 · 105M� to very massive PBH, roughly speaking mPBH & 109M�.
There are also boundaries on mass from above, as almost none black hole having
mass & 1011M� have been observed [34].

For these reasons, the possibility that Poisson distributed PBHs dominate the for-
mation of massive galaxies at z ∼ 10 is weak. In fact, this prospect has many
limits: the unknown SFE must be high and in addition to that, PBHs have to be
extremely massive mPBH ≈ 109 − 1010M�, which is unlikely, given the few obser-
vations of BHs with such masses.

Nonetheless, there are two more possibilities, yet to explore, that could justify the
formation of galaxies at high redshift with the presence of less massive PBHs. The
first one would be to lift the constraints on high fPBH for the combinations of PBH
variables, by considering clustering. Although the PBHs have an initial Poisson
distribution, at redshift z ∼ 10 they could have clustered, hence some constraints
can fall. This possibility is investigated in chapter 4.

Another prospect would be to consider clustering from the beginning, by applying
an initial PBH distribution which is not purely Poissonian. An overview of the
possibilities of this subject are discussed in Appendix E.
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3. Galaxy formation with Poisson distributed PBHs

Figure 3.5: Constraints on PBH parameters. The graph is taken directly from
article [2], and it show the different constraints from observation and method
of derivation. The results shown come from a set of studies, whose references
can be checked in [2]. The constraints of interest for this report are the ones for
mPBH & 105M�. Therefore the ones due to PBH accretion, observed through X-
rays, come from [31] and [32] (red line), while the ones from dynamical friction of
PBHs within galaxies is studied in [33] (green line). Going even further, to high
fPBH, the millilensing constraint is analysed in [35] (black line) and the limit on
PBH parameters due to wide halo binaries disruption from PBHs encounter is
taken from [36] (orange line).
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4 PBH clustering

From the results of the previous chapter the possibility that PBHs exist in our
universe, leading to an early formation of galaxies, seems feeble. From both [9]
and chapter 3, the combinations of PBH masses that could explain JWST obser-
vation are quite extreme. However, there is an important element that was not
considered in these studies, the PBH clustering. Firstly, the validity of chapter 3
analysis (hence [9]) should be checked, by understanding whether or not cluster-
ing effects should have been considered. Secondly, the scenario for which Poisson
distributed PBHs [37] [38] evolve into clusters cannot be neglected and is thus
studied, together with some possible implications.

Although the inside structures and dynamics of clusters are very complex and
difficult to analyse, their formation process and conditions are more accessible.
For this reason, in this chapter, the scenarios and the PBH variables that lead
clusters to form and play a relevant role are investigated. In order to achieve this
goal, many approaches are analysed, taking inspiration and combining the ideas
of different references: [14], [39], [40] and [41].

In the first part, in section 4.1, a direct numerical approach, that considers PBHs
as discrete particles is analysed. In the following segments a completely different
strategy is used, starting from the initial randomly distributed PBH perturbations.
In section 4.2 PBH clusters formation is analysed by finding the conditions for
their evolution from the initial Poisson noise to halos and their sizes. By the end
of the section, the validity of the study performed in chapter 3 is discussed. After
an introduction to excursion set theory, in section 4.3, in section 4.4 an analysis of
clusters accretion and survival times is performed. A discussion of the results in
comparison with the current PBH constraints is proposed in section 4.5 to close
the chapter.
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4.1 Discrete particle PBHs

The first possibility to study cluster formation of PBH and their effect is given
in [14], where PBHs are treated as discrete particles that could cluster. Starting
with initial Poisson distributed particles, the total number of halos Nhalo containing
N PBHs is recovered from [42] and [43].

Nhalo(N) =
NPBH

N
δ∗

1 + δ∗

(
N

1 + δ∗

)N−1 e−
N

1+δ∗

(N + 1)!
(4.1)

In this formula NPBH represents the total number of PBHs, while δ∗ is given by
fPBHδ∗ = δi, which can be rewritten by recalling (2.53).

δ∗(zobs) =
δi(zobs)

fPBH
=

δc(zobs)

Diso(zobs) fPBH
(4.2)

This means that δ∗(zobs) is the overdensity required so that the initial density
contrast δi(zobs) is reached by the only presence of PBHs.

Since the total number of both halos and PBHs cannot be computed, using the
number density instead can solve this problem. Therefore (4.1) must be modified
from total number of PBHs to average number density nPBH. This process can be
seen as if (4.1) would be divided by the volume of the whole universe, giving the
number density. For monochromatic PBHs this can be achieved in the following
way.

nPBH =
ρPBH
mPBH

=
ΩPBHρcr

mPBH
=

fPBHΩcρcr

mPBH
=

3H2
0

8πG
fPBH

mPBH
(Ωm −Ωb) (4.3)

where ρcr is the critical density used to calculate abundances (C.31) and Ωc is the
clustering matter abundance (2.24).

nhalo(N) =
3H2

0
8πG

fPBH

mPBH

Ωm −Ωb

N
δ∗

1 + δ∗

(
N

1 + δ∗

)N−1 e−
N

1+δ∗

(N + 1)!
(4.4)

As a first rough approximation, the mass of the halo can be considered to be made
by PBHs only M0

halo = NmPBH
1, therefore having HMF

ρ0
halo(N) = nhalo(N)NmPBH (4.5)

=
3H2

0
8πG

fPBH(Ωm −Ωb)
δ∗

1 + δ∗

(
N

1 + δ∗

)N−1 e−
N

1+δ∗

(N + 1)!

With this solution, it is possible to calculate the cumulative stellar mass density as
in (3.59).

ρ0
∗(> M∗) = ε fbρ0(> Mhalo) = ε fb

∫ ∞

Mhalo
mPBH

ρ0
halo(N)dN (4.6)

The results for the same variables as in chapter 3 are shown in Figure 4.1, as well
as the relative differences with the pure PS model, displayed in Figure 4.2.

1The superscript 0 on mass represents the fact that a bare PBH cluster is considered.
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4.1. Discrete particle PBHs

(a)

(b) (c)

Figure 4.1: Comoving cumulative stellar mass density at different redshifts using
the formula for stellar mass from (4.6). The ΛCDM model is reported from the
previous chapter as well, using PS.

In addition to that, it is also possible to compute the PBH fraction of DM required
for the Poisson effect to not be dominant anymore. This can be achieved by know-
ing that when PBH will be mostly clustered (therefore in a halo with at least one
counterpart), and the number of halos with only 1 PBH will be less than half the
total number of PBHs.

Nhalo(1)
NPBH

=
δ∗

1 + δ∗
e−

1
1+δ∗ =

1
2

(4.7)

Inserting z = 10, which is the redshift of main interest, leads to

fPBH ≈ 0.0032 (4.8)

This result gives the fraction of PBH DM below which no clustering effect is ex-
pected. For this reason, for the variables plotted in Figure 4.1, no major differences
due to clusters are expected. Thus using this discrete particle approach for such
low fPBH is impractical. An increase in fPBH would be required for PBH halos to
form and to justify the usage of this approach. On the other hand, (4.8) confirms
the correctness of the previous analysis in chapter 3 and [9] to not consider any
clustering effect.

Figure 4.3 shows different combinations of fPBH and mPBH, where clustering is
expected as the PBH fraction of DM is higher than (4.8), for the three different
fPBHmPBH of Table 3.1 at the redshift of interest z ∼ 10. It can be noticed that the
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4. PBH clustering

(a)

(b) (c)

Figure 4.2: Relative differences between comoving cumulative stellar mass density
calculated using the formula (4.6) and the PS model of chapter 3, at different
redshifts.

curves with the discrete particle approach get lower as fPBH gets larger, moving
away from their counterparts of the PS model. This means that despite the higher
fraction of DM occupied by PBH, which should enhance clustering and conse-
quently galaxy formation, their lower mass plays a more important role, making
the HMF drop.

4.1.1 Mass correction for particle dark matter

One of the reasons behind the very low curves found in Figure 4.3 is due to
the lack of PDM. In fact, (4.5) only includes the masses of PBHs, while also the
other components of DM should be taken into account. This adjustment can be
performed directly on the mass of the halo.

Mhalo ≈ NmPBH

(
1 + fhalo

1− fPBH

fPBH

)
(4.9)

where fhalo = NPDM∈halo
NPDM

is the proportion of PDM particles that are present in
clusters. This is an additional free parameter, that can vary between 0 and 1.
Therefore the bare PBH halo mass M0

halo = NmPBH only represents a portion of
the whole ensemble. The HMF (4.5) becomes

ρhalo(N) = nhalo(N)Mhalo = ρ0
halo(N)

(
1 + fhalo

1− fPBH

fPBH

)
(4.10)
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(a)

(b)

(c)

Figure 4.3: Comoving cumulative stellar mass density at z = 10 using the formula
for stellar mass from (4.6), for different combination of fPBH and mPBH, but with
constant fPBHmPBH from Table 3.1. The ΛCDM model as well as the results from
the pure PS model are recalled from chapter 3.
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4. PBH clustering

Consequently, the stellar mass (4.6) is

ρ∗(> M∗) = ε fbρ(> Mhalo) = ε fb

∫ ∞

Mhalo
mPBH

ρhalo(N)dN (4.11)

=

(
1 + fhalo

1− fPBH

fPBH

)
ρ0
∗(> M∗)

This means that the stellar mass found considering only the bare PBH halos must
be multiplied by a constant. The only possibility to have the curve found in
Figure 4.1 and 4.3 increased significantly in value, is to consider small fPBH and
not negligible fHL. Nevertheless, from Figure 4.2 the differences between PS and
the discrete particle model on the masses of interest (109− 1011M�) gets enormous,
and could get compensated only with tiny fPBH, which however do not lead to
clustering. Therefore it is not expected that the discrete particles approach leads
to better results than the PS model considering the clustering effect.

This method clearly fails to describe the formation of galaxies at high redshifts
observed by JWST. However, it does not mean that clustering fails too. In fact, the
discrete particle approach has as its main flaw that does not consider gravitation.
It is expected that accretion plays a fundamental role in the growth of galaxies
around z ∼ 10. For this reason, gravity cannot be neglected and this approach
results to be flawed. Other methods need to be considered to study the possibility
of clusters as a boost for galaxy formation.
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4.2 Clustering evolution

Clusters are ensembles of objects, and in the case of PBHs, they could form modi-
fying greatly the dynamics and evolution of the halo around them. In addition to
that, the different kinds of signals emitted from a lonely PBH and a cluster, hence
their observations, can result fundamentally different. Therefore it is important
to understand whether PBH clusters can form, and their presence must be taken
into account, or not, leading to conclude that the results of chapter 3 cannot be
extended.

The size and requirements for PBH clusters to form are studied here. Starting
from the initial spatial distribution of PBHs, cluster evolution is analysed in vari-
ous regimes. Despite two components being highlighted for the initial PBH over-
densities: shot noise and initial PBH clustering, the evolution of PBH clusters is
calculated for initially Poisson distributed objects. These results are then used to
understand the conditions for cluster formation and their sizes.

4.2.1 Spatial clustering

The spatial overdensity of discrete monochromatic PBHs can be written in terms
of number densities instead of standard energy densities [39].

δPBH(x) =
nPBH(x)− nPBH

nPBH
=

1
nPBH

∑
i

δ3(x− xi)− 1 (4.12)

where nPBH(x) is the PBHs number density per comoving volume in x, which is
discrete, while nPBH is its average density (3.31), and xi are the positions of the
discrete PBHs.

nPBH = fPBH
ΩDM

mPBH
ρcr = fPBH

Ωm −Ωb

mPBH
ρcr (4.13)

where once again ρcr is the critical density (C.31).

In order to find the power spectrum, the two-points correlation function can be
calculated first. The passages to find it are shown in their extensive form here
below [39].

〈δPBH(x)δPBH(0)〉 =
1
V

∫
V

d3x′δPBH(x′)δPBH(x′ − x) (4.14)

=
1
V

∫
V

d3x′
(

1
nPBH

∑
i

δ3(x′ − xi)− 1

)
(4.15)(

1
nPBH

∑
j

δ3(x′ − x− xj)− 1

)

=
1
V

∫
V

d3x′ +
1

n2
PBH

1
V

∫
V

d3x′∑
ij

δ3(x′ − xi)δ
3(x′ − x− xj)

− 1
nPBH

1
V

∫
V

d3x′∑
i

δ3(x′ − xi) (4.16)

− 1
nPBH

1
V

∫
V′′

d3x′′∑
j

δ3(x′′ − xj)
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=1 +
1

n2
PBH

1
V

∫
V

d3x′∑
i

δ3(x′ − xi)δ
3(x′ − x− xi) (4.17)

+
1

n2
PBH

1
V

∫
V

d3x′∑
i 6=j

δ3(x′ − xi)δ
3(x′ − x− xj)− 2

=
δ3(x)
n2

PBH

1
V

∫
V

d3x′∑
i

δ3(x′ − xi) (4.18)

+

〈
1

n2
PBH

∑
i 6=j

δ3(x− xi)δ
3(xj)

〉
− 1

〈δPBH(x)δPBH(0)〉 =
δ3(x)
nPBH

+ ξPBH(x) (4.19)

where the first passage comes from the correlation function definition (D.1), in
the third one the substitution x′′ = x′ − x (V = V ′′) was applied, while in the
fourth and last passages the definition of average PBH number density was used
nPBH =

∫
V d3x ∑i δ3(x − xi). The term ξPBH(x) is called reduced PBH correlation

function and it defines the spatial distribution correlation between PBHs. Having
its value not null would mean that a clustering effect is present from the PBH
formation epoch. Therefore its effect is expected to be on small rather than large
scales. Mathematically it is defined as follows.

ξPBH(x) =

〈
1

n2
PBH

∑
i 6=j

δ3(x− xi)δ
3(xj)

〉
− 1 (4.20)

The reduced PBH correlation function clearly has no vectorial dependence as the
typical correlation function (D.1). If ξPBH is small, at small scales the shot noise
will dominate, while if it is the opposite, there could be an ensemble of PBHs at
one point.

The first part of the above solution (4.19) is the Poisson noise given by the dis-
creteness of PBHs. It represents the same component used in chapter 3, where
no clustering effect was considered. It follows that the dimensionless PBH power
spectrum has the following form.

∆2
PBH(k, z) =

k3

2π2

∫
dx3eikx 〈δPBH(x, z)δPBH(0, z)〉 (4.21)

Two PBHs cannot be found arbitrarily close to each other, due to their formation
conditions. The spatial exclusion xesc is the minimum comoving distance at which
two PBHs can be found.

ξPBH(x) ≈ −1, for x . xesc (4.22)

PBHs are anti-correlated at these distances.

Article [40] gives an introduction to PBHs clustering evolution, and suggests using
a different normalization of the overdensities for the study of PBH perturbations.
PBH overdensity is therefore defined over the whole DM instead of PBH only.

δPBH(x, z) =
δρPBH(x, z)

ρPBH
=

δρPBH(x, z)
fPBHρDM

(4.23)
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This leads to finding a new equation for the correlation function.

δρPBH(x, z)
ρDM

= fPBH

[
1

nPBH
∑

i
δ3(x− xi)− 1

]
(4.24)〈

δρPBH(x, z)
ρDM

δρPBH(0, z)
ρDM

〉
=

f 2
PBH

nPBH
δ3(x, z) + ξ(x, z) (4.25)

where the reduced PBH correlation function is also redefined with a new notation
ξ(x, z) = f 2

PBHξPBH(x, z).

As a consequence, the PBH power spectrum over the whole DM can be written as
follows.

∆DM 2
PBH (k, z) =

k3

2π2

∫
dx3eikx

〈
δρPBH(x, z)

ρDM

δρPBH(0, z)
ρDM

〉
(4.26)

This new power spectrum differs from (4.21) only by the constant fPBH squared
and represents the purely PBH power spectrum in the bigger picture where all
DM components are included.

4.2.2 Evolution regimes

As clusters represent small scale perturbations, but with large amplitude, linear
theory cannot be used for their fluctuations description. Starting from Poisson
distributed PBHs, as suggested by [37] [38], and having PBH power spectrum
over DM (4.26) found above, the evolution of PBH clusters perturbations towards
their non-linearities is studied following article [40]. Thus only PBH perturbations
in the universe are taken into account in this section.

In the scenario assumed, at the time of PBH formation z∗, at Hubble horizon
reentry, the clustering component is irrelevant and the initial PBH power spectrum
is given by the only Poisson distribution. In fact, the characteristic PBH clustering
length is smaller than the mean comoving separation between PBHs. From (4.19)
and (4.26) the initial power spectrum can be rewritten [40].

∆2
∗(k) = ∆DM 2

PBH (k, z∗) ≈ f 2
PBH

(
k
k∗

)3

(4.27)

where k∗ is the characteristic wavenumber. The numerical value of this wavenum-
ber can be written explicitly using (4.13)

k∗ = (2π2nPBH)
1
3 =

(
2π2 fPBH

Ωm −Ωb

mPBH
ρcr

) 1
3

(4.28)

It can be noticed that this is the dimensionless initial power spectrum of PBHs,
given by the shot noise (3.30), with the addition of f 2

PBH already, as only PBHs in
the whole DM are considered.

In order to better put this into context (3.35) can be recalled, to write the dimen-
sionless power spectrum of PBHs.

∆2
PBH(k, a) = D2 0

ad (a)∆0 2
ad (k) + [1 + (Diso(a)− 1) fPBH ]

2 ∆0 2
iso (k) + Dmix 2

PBH (a)∆0 2
iso (k)
(4.29)
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In this section, only PBH perturbations and their own interactions are of interest,
because clusters only made of PBHs are analysed. Since the initial PBH pertur-
bations can be assumed to be only of the isocurvature type δ0

iso ≈ δ0
PBH, as in

subsection 3.1.2, only that component is taken into account.

∆2
PBH(k, a) ≈ [1 + (Diso(a)− 1) fPBH ]

2 ∆0 2
iso (k) (4.30)

where for 0.5 ≤ γ ≤ 1, which is the case in the assumed scenario, the linear
evolution term is the same as (2.31) [14].

Diso(s) ≈
(

1 +
3γ

2a−
s
)a−

(4.31)

where once again

s =
a

aeq
, γ =

Ωm −Ωb

Ωm
, a− =

1
4

(√
1 + 24γ− 1

)
(4.32)

Clearly, for the initial condition s → 0 the evolution factor becomes Diso(s) → 1,
and considering the power spectrum over all DM, the following substitution is
valid.

∆2
∗(k)→ ∆0 2

iso (k) (4.33)

Consequently, the linear evolution of the power spectrum of interest, which is the
isocurvature one, is the following.

∆2
PBH(k, a) ≈

[
1 +

((
1 +

3γ

2a−
a

aeq

)a−
− 1
)

fPBH

]2

∆2
∗(k) (4.34)

From the initial conditions, linear (L), quasi-linear (QL) and non-linear (NL) situ-
ations can be studied.

4.2.2.1 Linear regime

The linear evolution of isocurvature perturbations of PBHs in the early universe
can be expected to be frozen (see subsection 2.1.2), while it will evolve only after
radiation-matter equivalence zeq. With the approximation of DM dominating the
matter abundance γ ≈ 1, the evolution equation (4.31) can be used to obtain the
isocurvature component of the linear power spectrum.

∆2
L(k, z) ≈

(
1 +

3
2

fPBH
1 + zeq

1 + z

)2

∆2
∗(k) ≈

(
1 +

3
2

fPBH
1 + zeq

1 + z

)2

f 2
PBH

(
k
k∗

)3

(4.35)
where ∆2

∗ comes from (4.27).

4.2.2.2 Quasi-linear regime

The quasi-linear regime represents the transition between linear and non-linear sit-
uations. This transition can be identified when the dimensionless power spectrum
reaches unity [40].

∆2
L(k = kL−QL(z), z) ∼ 1 (4.36)
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The explicit value of this wavenumber that satisfies the QL condition can be calcu-
lated.

kL−QL(z) ≈
k∗

f
2
3

PBH

(
1 +

3
2

fPBH
1 + zeq

1 + z

)− 2
3

(4.37)

=

(
2π2 Ωm −Ωb

fPBHmPBH
ρcr

) 1
3
(

1 +
3
2

fPBH
1 + zeq

1 + z

)− 2
3

(4.38)

In fact, the QL validity range is identified to be the following [40].

1 . ∆2
QL(k, z) . 200 (4.39)

A useful value for this regime is the characteristic squared overdensity, which is
defined as follows [40].

ξ(R, z) =
3

4πR3

∫ R

0
dx4πx2ξ(x, z) with ξ(x, z) ≈

∫ dk
k

eikx∆2(k, z) (4.40)

The second part follows from (4.25) and (4.26), where the Poisson noise is ne-
glected as it plays a subdominant role in the QL situation, hence the approxima-
tion2. Another important relation follows.

∆DM 2
PBH (k, z) ≈ ξ

(
1
k

, z
)

(4.41)

where the equivalence x = 1
k is valid.

To connect the linear and quasi-linear regimes, the conservation of particle pairs
(PBHs pairs) can be used in terms of mass conservation relation [44].

x3(1 + ξ(x, z)) = R3 (4.42)

where R is the initial shell radius of the perturbation. When the perturbation is
still linear, therefore ξL � 1, x ∼ R is valid. However, as soon as clusters develop,
meaning there is a shift to a quasi-linear regime, ξ grows. This leads to a relation
x3ξQL ∼ R3 in the quasi-linear regime.

A dependence analysis can be done starting from mass conservation. A density
peak which clusters, is surrounded by a larger region of radius R′, which can
be described with linear theory, and is expected to cluster too at a later stage.
This profile can therefore be described in the linear regime as a initial shell of
comoving radius R′, and the average linear correlation function is ξL(R′). The
proper maximum radius of the perturbation, also called turnaround radius, is
proportional to R′√

ξL(R′)
3. This must be proportional to the effective radius of the

2The correlation function (4.19) can be used at any time. Initially, the reduced PBH correlation
function should be null in the scenario considered, however as clusters grow it would get more and
more relevant, becoming larger than the Poisson noise, as in QL regime.

3This can be checked putting together (2.2) and (2.19), where in this case R ∼ R′, ζta = const,

Φ = δ(x) ≈
√

ξL(R), and consequently ata = staaeq ∝ 1√
ξL(R)

.

2023/03/03 Giona Sala 47



4. PBH clustering

halo of mass M, hence the comoving radius x, where the quasi-linear regime is
valid.

ξQL ∼ δQL(x)2 ∼
(

M
x3

)2

∝
(

M
r3

ta

)2

∼ R′6(
R′√

ξL(R′)

)6 = ξ
3
L(R′) (4.43)

⇒ R′3 ∼ x3ξQL(x) ∼ x3ξ
3
L(R′) (4.44)

where the fact that overdensities are proportional to the excess energy density was
used [23].

Using the fact that ξL(R′) ≈ ∆2
L(1/R′, z) ∝ ∆2

∗(1/R′) ∝
( 1

R′
)3

coming from a
combination of (4.35) and (4.41), it is possible to find a relation between x and R′.

R′3 ∼ x3ξ
3
L(R′) ∼ x3

R′9
⇒ R′ ∼ x

1
4 (4.45)

Consequently, the x dependence of the volume-averaged quasi-linear correlation
function can be calculated.

ξQL(x) ∼ R′3

x3 ∼
x

3
4

x3 = x−
9
4 (4.46)

In addition to that, the solution must match the behaviour of the linear regime at
small perturbations ∆2

QL(k, z) ∼ 1. For this reason and property (4.41), the power
spectrum of the quasi-linear situation can be approximated as follows.

∆2
QL(k, z) ≈

(
k

kL−QL(z)

) 9
4

(4.47)

where the formula for kL−QL can be found in (4.37).

4.2.2.3 Non-linear regime

In the NL situation, the perturbation is the largest of the regimes studied, however
the stable clustering hypothesis can be assumed, which says that their internal
structure does not change with the universe’s expansion [44]. The QL-NL limit is
defined by the overdensity within a virialized object, which happens at ∆2(k, z) ∼
200 as in (4.39).

∆2
QL(k = kQL−NL(z), z) ∼ 200 (4.48)

⇒ kQL−NL(z) = kL−QL(z) (200)
4
9 =

(200)
4
9 k∗

f
2
3

PBH

(
1 +

3
2

fPBH
1 + zeq

1 + z

)− 2
3

(4.49)

where kL−QL represents the limit of the linear regime (4.37) and k∗ the characteris-
tic wavenumber (4.28).

The study of this regime can be done through the particle pairs conservation [45]4.
The mean number of PBH neighbours is

N(x, z) = nPBH

∫ x

0
dx′4πx′2

[
1 + ξ(x′, z)

]
(4.50)

4In particular chapter 5 of the book [45].
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4.2. Clustering evolution

The flux of neighbours leaving the volume of interest is given by 4πx̃2ñPBH [1 +
ξ(x, z)]ṽ(x, t) [45], where ṽ(x, t) is the mean relative velocity of pairs at separation
x and time t. As this last value represents a velocity, it must be written in proper
coordinates, as well as all other coordinates x̃ = ax and ñPBH = nPBH

a3 . For the
conservation of particle pairs, the following equality must be valid.

∂N(x̃, t)
∂t

= −4πx̃2ñPBH [1 + ξ(x, t)]ṽ(x, t) = −4πx2 nPBH

a
[1 + ξ(x, t)]ṽ(x, t) (4.51)

Deriving over x leads to the next relation.

∂ξ(x, t)
∂t

+
1

ax2
∂

∂x
[
x2 (1 + ξ(x, t)) ṽ(x, t)

]
= 0 (4.52)

The non-linear regime is expected to dominate at small scales, where the approx-
imation ṽ(x, t) ≈ −ȧx is valid [45], as it is expected that the Hubble expansion is
cancelled to keep the structure bounds.

∂

∂t
(1 + ξ(x, z)) =

H
x2

∂

∂x
[
x3 (1 + ξ(x, z))

]
(4.53)

In this regime the perturbation are very large ξNL � 1, hence (1 + ξNL(x, z)) ≈
ξNL(x, z). Consequently, this equation can be approximated.[

a
∂

∂a
− x

∂

∂x
− 3
]

ξNL(x, a) ≈ 0 (4.54)

where ∂
∂t = ȧ ∂

∂a was used. It follows that this equation admits a power law solu-
tion.

ξNL(x, a) ∼ a3−mx−m or ξNL(x, z) ∼ (1 + z)m−3x−m (4.55)

where m is a rational number to be defined.

In order to find the solution to this equation, a step back needs to be taken, in
particular to the collisionless Boltzmann equation. In [46] [47] this equation, to-
gether with PBH self-gravitation, is used to find a relation between the correlation
function and its time and space dependence.

ξ(x, t) = f
( x

tα

)
(4.56)

where f is a function to be defined. Since this relation must be valid and equal for
all scenarios, the linear one sets the stricter constraints as it can be expected to be
the most accurate, having fewer approximations. Recalling (4.35), the proportion-
ality of PBH correlation function to the time dependence can be found, given by
redshift, or scale factor, as follows.

ξL

(
1
k

, z
)
≈ ∆2

L(k, z) ∝
k3

(1 + z)2 or ξL (x, a) ∝
a2

x3 (4.57)

In the MD universe 1
1+z ∝ a ∝ t

2
3 from (C.14).

ξL (x, t) ∝
t

4
3

x3 =

(
x

t
4
9

)−3

(4.58)
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which leads to α = 4
9 . It can be checked that this is consistent with the quasi-linear

regime.

ξQL

(
1
k

, z
)

∝

(
k

(1 + z)
2
3

) 9
4

⇒ ξQL (x, a) =

(
a

2
3

x

) 9
4

(4.59)

ξQL (x, t) ∝

(
t

4
9

x

) 9
4

(4.60)

coming from (4.37) and (4.47) combined. It turns out that the function f changes,
but the factor α = 4

9 is the same.

For the non-linear regime, both (4.55) and (4.56) must be respected for α = 4
9 .

Therefore the power law solution of the non-linear PBH correlation function in a
MD universe with 1

1+z ∝ a ∝ t
2
3 must respect the following proportionality.

ξNL(x, t) = f
(

x

t
4
9

)
∝
(

x

t
4
9

)n

and ξNL(x, t) ∼ t2− 2
3 m

xm (4.61)

⇒ ξNL(x, t) ∝
xn

t
4
9 n

=
t2− 2

3 m

xm (4.62)

where n is also a rational factor to be defined as m. This leads to a system of
equations that has a single solution.{

m = −n
4
9 n = −2 + 2

3 m
⇒ m =

9
5

(4.63)

The final solution can be found with the same steps used for the quasi-linear
regime in (4.47), therefore making NL and QL scenarios match at ∆2 ∼ 200

∆2
NL(k, z) ≈ 200

(
k

kQL−NL(z)

) 9
5

(4.64)

where kQL−NL comes from (4.49). As kQL−NL scales with (1+ z)
2
3 , hence ∆2

NL(k, z) ∝( 1
1+z

) 6
5 , it can be checked that its time dependence in the MD universe is in fact

∝ t
4
5 , in agreement with both approaches (4.55) and (4.56).

4.2.2.4 Number density

In order to find the number density of the halos, the whole power spectrum (3.36)
must be recalled and then PS formalism can be applied as in section 3.2. However
this time the number density of the pure PBH clusters is searched. Therefore only
the linear isocurvature component of the power spectrum is required.

∆2
iso(k, a) ≈ k3

2π2
[ fPBHDiso(a)]2

nPBH
(4.65)
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4.2. Clustering evolution

where nPBH and Diso(a) were mentioned again just above in (4.13) and (4.31). As
first step, the variance (3.49) can be computed, using again a Gaussian window
(3.47).

σ2(R) = 〈δ2(x, R)〉 =
∫

d ln(k)∆2
iso(k, a)|W(k, R)|2 =

f 2
PBHD2

iso(a)mPBH

2
3
2 M

(4.66)

where the monochromatic case with PBH mass mPBH is studied, while the PBH
average number density nPBH has been expanded. M is the mass of the PBH
cluster, hence only given by PBH (3.52): M = fPBHγVWρm. In addition to that, the
second ingredient to this procedure is the critical density δc, which once again can
be found to be 1.686 (2.32). This also represents the cutoff of the integral (3.53) in
the PS formalism, under which the linear scenario is expected to be valid.

Plugging all components together in (3.55) the number density of PBH halos with
mass between M and M + dM can be found accordingly to [40].

dn
dM

dM =
ρPBH√

π

(
M

M∗(z)

) 1
2 e−

M
M∗(z)

M2 dM (4.67)

where M∗(z) is the typical mass of PBH halos that collapse at redshift z [48].

M∗(z) =
1√
2δ2

c
f 2
PBHD2

iso(z)mPBH (4.68)

4.2.3 Clustering conditions

Once equipped with the PBH clusters evolution formulas, it is possible to study
their sizes and PBH parameters required for formation. In particular, it is inter-
esting to understand if the previous analysis, done in chapter 3, was right to not
include any kind of clustering. In order to do that, the limits of the linear and
quasi-linear regimes are studied: (4.37) and (4.49). In fact, these wavelengths de-
termine the border of the perturbed scenarios and are inversely proportional to
their radius: k = 1

R . Consequently, it is possible to find the halos masses by choos-
ing the preferred window, and its volume. A Gaussian window volume from
(3.47), accordingly to the analysis in chapter 3, is chosen, leading to the mass of
the quasi-linear and non-linear clusters.

MQL = VW(kL−QL)ρm =
(2π)

3
2

k3
L−QL

ρm =
(2π)

3
2

k3
∗

f 2
PBH

(
1 +

3
2

fPBH
1 + zeq

1 + z

)2

ρm (4.69)

MNL = VW(kQL−NL)ρm =
(2π)

3
2

k3
QL−NL

ρm =
(2π)

3
2

(200)
4
3 k3
∗

f 2
PBH

(
1 +

3
2

fPBH
1 + zeq

1 + z

)2

ρm

(4.70)

where k∗ = (2π2nPBH)
1
3 as in (4.28). The first mass in particular can be considered

the mass of a cluster since it delimits the boundary between the background linear
regime and the perturbed quasi-linear one. It must be noted that these results
give the volume of the QL and NL perturbations, where the approximation γ ≈ 1
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(a)

(b)

(c)

Figure 4.4: These figures show the masses of the halos with varying fPBH, mPBH
and both fPBH and mPBH keeping fPBHmPBH constant, for the same three specific
combinations of Table 3.1 from chapter 3. In addition to that, the 1010M� halo
mass is highlighted, underlining the scale of interest in this report.
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was applied, as in the previous section. Therefore the resulting mass is a rough
approximation.

Masses (4.69) and (4.70) have two variables which are the PBHs mass mPBH and
fraction of DM fPBH. These results are plotted in Figure 4.4 for the cases studied
in chapter 3 and compared with the scale of interest.

It is clear from these plots that the specific situations of [9], studied in chapter 3
(see Table 3.1) do not form any relevant cluster for the analysis performed. In
particular, Figure 4.4b shows the mass of the halos compared to the mass of
PBHs. The clusters’ masses always stay below this threshold for the chosen vari-
able, which is a contradiction since at least one PBH has to be in it. Clearly, this
means that PBHs do not cluster significantly in the scenarios described in chap-
ter 3, hence the previous study was correct in not considering this phenomenon.

Despite the clustering can be avoided for the previous choice of parameters, it
is useful to study the combinations that actually make PBHs cluster relevant. In
order to find these scenarios, Figure 4.5 shows a 3D graph of the QL and NL halo
masses depending on PBH monochromatic mass and its DM fraction.

These latter graphs help to understand which PBH properties should be required
for the clustering evolution to play an important role at z ∼ 10: fPBH & 0.001 from
Figure 4.5b. In addition to that, the halos of interest with mass Mhalo & 1010M�
are expected only for large PBH masses mPBH & 104M�. A combination of these
two results leads to being interesting for large PBH masses with a significant PBH
fraction of DM. These results are however very rough and only indicative. Their
study thus continues further in the next sections.
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(a)

(b)

(c)

(d)

Figure 4.5: These figures show the masses within the quasi-linear and non-linear
scenarios respectively, depending on fPBH and mPBH. In addition to that, the red
surface delimits the 1010M� halo mass, while the blue one highlights mPBH.
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4.3 Excursion set theory

For the next part of this study on clusters, excursion set theory [49] requires an
introduction. This model has an analogue objective to PS formalism of calculating
the number of virialized objects in the universe, however with a different approach.
The qualitative difference of this model is that it solves the problem of the missing
factor 2 required with PS (3.54), by studying random walks of overdensities. It
is in fact also called random walks formalism. The process for its derivation is
discussed below following references [28] and [41].

This analysis can start by recalling the fact that initial perturbations are expected
to be randomly distributed, hence they are described by an initial Gaussian distri-
bution (3.50).

Q0(S, δ)dδ =
1√

2πS(M)
e−

δ2
2S(M) dδ (4.71)

where dependence on the smoothing scale (R or M) is expressed with the variance
(3.49), which is redefined to match the references’ notation [28] [41].

S(M) = σ2(M) = 〈|δ(x, M)|2〉 =
∫

d ln(k)∆2(k, a)|W(k, M)|2 (4.72)

where, for consistency, a Gaussian window is used (3.47), and (3.52) provides the
transition from R to M dependence.

Fluctuations δ have a dependence on the mass scale, described by S (if S increases
so does δ). However as they are randomly distributed, so are their evolution
and trajectories, meaning that they can be described by a Brownian motion. It
follows that the perturbation distribution can be related to S by a simple diffusion
equation [28] [41]. This is possible by substituting the time t dependence with
mass scale S, and its location x with δ.

∂Q
∂S

=
1
2

∂2Q
∂δ2 (4.73)

This equation describes the diffusion of overdensities with a Brownian motion [28]
[41]. However, fluctuations collapse for density contrasts larger than the critical
overdensity δc (see section 2.3), which leads to break this scenario, since it makes
the evolution of perturbations depended on gravity, thus not random anymore.
For this reason, a barrier ω is defined from the linear evolution of the critical
overdensity (2.48) to highlight this threshold, and be consistent with the references
[28] [41].

ω(zcoll) = δL(zcoll) =
3
20

(12π)
2
3

(
1 + zcoll

1 + zobs

)
(4.74)

It represents the overdensity barrier observed at zobs that made a perturbation
collapse at zcoll . Analogously to the critical density contrast, it represents the over-
density barrier, over which the gravitational collapse starts, hence the formation
of clusters.

The influence of this barrier over the overdensities random walks is shown in
Figure 4.6. It follows that the diffusion equation (4.73) can be used to distinguish
the number density of perturbation above and below this threshold (4.74). In fact,
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4. PBH clustering

Figure 4.6: The temporal evolution can be followed from the top right corner
towards left and downwards, as the overdensities tend to decrease, while the halo
mass grows (hence S also decreases). A random trajectory of an overdensity δ
together with the evolution of the barrier ω (dotted line) are plotted with their
perturbation mass development S(M). The actual mass evolution of the halo
follows the barrier as it determines the collapse. The depressions in the random
overdensity walk, for which it does not match with the barrier, represents the
moment before a merger. This image is taken directly from the article [41].

while trajectories over the barrier threshold do not follow a random evolution,
perturbations below the critical overdensity can be still considered to do that.

This value can be found by supposing that for a small mass interval S to S + dS
the overdensity places itself at a barrier ω. A Brownian motion dictates that the
following fluctuation evolution could randomly go either way, above or below
this threshold. The perturbations number density which stays below the barrier
is therefore defined as the difference between the initial perturbation distribution,
around 0, and the number density at an opposite distance from the critical over-
density5, hence 2ω.

Q(S, δ, ω)dδ =
1√

2πS(M)

(
e−

δ2
2S(M) − e−

(δ−2ω)2

2S(M)

)
dδ (4.75)

Now, in order to find the total halo mass function, it is required to find the equa-
tion describing the probability of an overdensity to be found above the threshold,
hence collapsing into a halo. The first step consists in finding a formula which
describes the decrease of the number density of perturbations below the chosen
barrier, due to collapse, in the interval S to S + dS.

fS(S, ω) =

[
− ∂

∂S

∫ ω

−∞
Qdδ

]
= −

[
1
2

∂Q
∂δ

]ω

−∞
(4.76)

5This distance is intended as fluctuation magnitude gap, as for the diffusion equation (4.73).
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where in the second passage (4.73) was used. This result is the transition rate
through a barrier ω in a mass range S to S + dS.

fS(S, ω)dS =
ω√

2πS(M)3
e−

ω2
2S(M) dS (4.77)

But it also represents the fraction of halos with clustered mass M, associated to
S. This formula is one of the main results of the excursion set theory, which is
recalled in the next section to study accretion and survival times. In addition to
that, it can be used to find the number density of halos with mass M similarly to
(3.55).

dn
dM

(M, t)dM =
ρm
M

fS (S(M), ω(t))
∣∣∣∣dS(M)

dM

∣∣∣∣ dM

=
1√
2π

ρm
M

ω(t)
σ(M)3

∣∣∣∣dσ(M)2

dM

∣∣∣∣ e
− ω(t)2

2σ(M)2 dM (4.78)

=

√
2
π

ρm
M2

ω(t)
σ(M)

∣∣∣∣d ln(σ(M))

d ln(M)

∣∣∣∣ e
− ω(t)2

2σ(M)2 dM

where in the second passage the substitution S(M) = σ(M)2 of (4.72) was applied.
This solution is exactly the same halo mass function obtain with the PS method
(3.55), once the barrier ω(t) is substituted with δc

6. In addition, it must be noted
that this approach directly leads to the correct HMF, without encountering the
problematic of the missing factor 2 (3.54), as claimed at the beginning.

Other than the clean result of obtaining a precise HMF, no conclusion is drawn
from excursion set formalism directly, as its usefulness becomes important in the
next section where (4.77) will be at the centre of attention.

6As δc has no mass dependence, the derivative of (3.55) becomes

d ln(ν)
d ln(M)

=
d ln

(
δc

σ(M)

)
d ln(M)

=
d ln(δc)

d ln(M)
−

d ln
(

1
σ(M)

)
d ln(M)

=
d ln(σ(M))

d ln(M)
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4.4 Clusters accretion and survival times

The study of clusters cannot be done alone without considering side effects. In
particular the halo accretion, clusters merger and their survival time. In this sec-
tion clusters that could lead to an explanation of JWST observation are studied [5],
hence the PBH ensembles that could lead to halos mass of approximately 1010M�
by z ∼ 10. The objective is to understand to which extent PBH clusters are rele-
vant to lead to early galaxy formation. In order to study this topic, the previous
excursion set formalism is recalled and the articles [40] and [41] are followed.

The first step to be taken is to find an approximate formation redshift of an halo.
In order to achieve this goal, (4.68) is recalled. In fact, this formula represents the
typical mass of halos collapsed at redshift z, hence it can be inverted to find the
collapsing time based on its mass, but also on the PBH characteristics fPBH and
mPBH [48]. This time γ ≈ 1 approximation is dropped, hence (4.68) together with
(4.31) leads to a more accurate typical PBH cluster mass.

M∗(a) =
1√
2δ2

c
f 2
PBHD2

iso(z)mPBH ≈
1√
2δ2

c
f 2
PBH

(
1 +

3γ

2a−
a

aeq

)a−
mPBH (4.79)

=
1√
2δ2

c
f 2
PBH

(
1 +

3γ

2a−

1 + zeq

1 + z

)a−
mPBH (4.80)

where one more time

s =
a

aeq
, γ =

Ωm −Ωb

Ωm
, a− =

1
4

(√
1 + 24γ− 1

)
(4.81)

Reversing this formula gives the formation redshift.

z f orm =
3γ(1 + zeq)

2a−
1(

δc
fPBH

√√
2M∗

mPBH

) 1
a−
− 1

− 1 (4.82)

It is clear that the main variables of this formula are two: fPBH and the relation
between mPBH and M∗ which can also be interpreted as the halo mass Mhalo. The
formation time for different variables is shown in Figure 4.7. This graph shows
that if PBHs would make up a small portion of DM, no clustering would form.
The threshold value of fPBH for clustering at present time z f orm = 0 and redshift
of interest z f orm = 10 can be calculated directly from (4.82) for a minimal halo, of
a single PBH Mhalo

mPBH
= 1, since it maximise the formation redshift. The results can

be computed numerically.

0 =
3γ(1 + zeq)

2a−
1(

2
1
4 δc

f 0
PBH

) 1
a−
− 1

− 1 (4.83)

⇒ f 0
PBH = 2

1
4 δc

(
3γ(1 + zeq)

2a−
+ 1
)−a−

≈ 0.00096
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Figure 4.7: Formation redshift of PBH clusters (4.82) for different PBHs portions
of DM fPBH and depending on the ration between the halo of interest and PBH
monochromatic mass M∗

mPBH
or Mhalo

mPBH
.

10 =
3γ(1 + zeq)

2a−
1(

2
1
4 δc

f 10
PBH

) 1
a−
− 1

− 1 (4.84)

⇒ f 10
PBH = 2

1
4 δc

(
3γ(1 + zeq)

22a−
+ 1
)−a−

≈ 0.0083

where the second result is similar to the clustering limit of fPBH & 0.001 at z = 10
from subsection 4.2.3. It is however more interesting for the purpose of this report
to do the same process for a relevant cluster at z ∼ 10, made of at least 10 PBHs,
hence Mhalo

mPBH
= 10.

10 =
3γ(1 + zeq)

2a−
1(

2
1
4 δc

f 10
PBH

) 1
a−
− 1

− 1 ⇒ fPBH ≈ 0.026 (4.85)

This result clearly strengthens the constraint of the PBH fraction of DM to approx-
imately fPBH & 0.01.

On the other hand, the fraction of DM made as PBH has an upper limit fPBH ≤ 1,
which can be used to determine the largest number of PBHs in a halo, that can be
generated by a certain redshift. This is achieved by repeating the process above,
but for fPBH = 1 and Mhalo

mPBH
as variable

0 =
3γ(1 + zeq)

2a−
1(

δ2
c

√
2M0

halo
mPBH

) 1
2a−
− 1

− 1 (4.86)

⇒
M0

halo
mPBH

=
1√
2δ2

c

(
3γ(1 + zeq)

2a−
+ 1
)2a−

≈ 1.1 · 106
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10 =
3γ(1 + zeq)

2a−
1(

δ2
c

√
2M10

halo
mPBH

) 1
2a−
− 1

− 1 (4.87)

⇒
M0

halo
mPBH

=
1√
2δ2

c

(
3γ(1 + zeq)

22a−
+ 1
)2a−

≈ 1.4 · 104

These results indicate the largest cluster that PBHs can generate by themselves, by
respective redshift z = 0 and z = 10.

4.4.1 Accretion rate

The main phenomenon that allows the PBH clusters to grow is accretion, which
effect is now analysed. The accretion rate is studied through excursion set theory,
therefore formulas from section 4.3 are often be recalled. In particular the barrier
(4.74) for a collapse to have happened by the time of interest zobs ∼ 10.

ω10(zcoll) =
3

220
(12π)

2
3 (1 + zcoll) (4.88)

In fact, it is investigated whether or not a peak in accretion, leading to galaxy
formation, could be found around z ∼ 10.

Before being able to calculate the accretion rate, additionally useful formulas can
be found by applying the excursion set theory to different situations, as it is done
in [28] and [41]. The first element to be computed is the conditional probability
that a halo which reaches the barrier ω2 with a specific mass M2 (hence S2 =
S(M2)) crossed a barrier ω1 > ω2 within a mass interval M1 < M2 to M1 + dM1
(hence S1 = S(M1) > S2 to S1 + dS1), in a previous stage of its evolution. This is
achieved by simply setting the starting barrier and mass to ω2 and S2 instead of
the origin as in (4.77) [41].

fS1(S1, ω1|S2, ω2)dS1 = fS(S1 − S2, ω1 −ω2)dS1 (4.89)

=
ω1 −ω2√

2π(S1 − S2)3
e−

(ω1−ω2)
2

2(S1−S2) dS1

where S1 > S2 and ω1 > ω2 is required7. The opposite way can also be computed,
therefore the conditional probability that given a halo of mass M1 at barrier ω1,
this will evolve into a cluster with mass range S2 to S2 + dS2 at a barrier ω2.

fS2(S1, ω1|S2, ω2)dS2 =
fS1(S1, ω1|S2, ω2)dS1 fS2(S2, ω2)dS2

fS1(S1, ω1)dS1
(4.90)

=
1√
2π

ω2(ω1 −ω2)

ω1

(
S1

S2(S1 − S2)

) 3
2

e−
(ω2S1−ω1S2)

2

2S1S2(S1−S2) dS2

where once again S1 > S2 and ω1 > ω2 is required.

7The barrier decreases with time (4.74), while a halo is expected to grow through accretion or
merger, hence S also decreases (4.72).
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With these equations the transition rate from a halo S1 to an halo S2 in an infinites-
imal time can be calculated by applying ω1 → ω2 = ω, hence ω1 −ω2 = dω → 0.

d2 p
dS2dω

(S1 → S2|ω)dS2dω =
1√
2π

(
S1

S2(S1 − S2)

) 3
2

e−
ω2(S1−S2)

2S1S2 dS2dω (4.91)

Since this formula expresses the halo mass variation in an infinitesimal time, it
can be expected that this mass increase is due to only one event, hence a merger8.
It is sometimes useful to rewrite this equation in terms of mass variation ∆M =
M2 −M1.

d2 p
d ln(∆M)d ln(a)

(M1 → M2|a) =
∣∣∣∣ dS2

d ln(∆M)

∣∣∣∣ ∣∣∣∣ dω

d ln(a)

∣∣∣∣ d2 p
dS2dω

(S1 → S2|ω)

=
1√
2π

∆Ma
∣∣∣∣ dS2

dM2

∣∣∣∣ ∣∣∣∣dω

da

∣∣∣∣ ( S1

S2(S1 − S2)

) 3
2

e−
ω2(S1−S2)

2S1S2 (4.92)

=

√
2
π

∣∣∣∣dσ(M2)

dM2

∣∣∣∣ ∣∣∣∣dω(a)
da

∣∣∣∣ ∆Ma
σ(M2)2

e
− ω(a)2

2

(
1

σ(M2)
2−

1
σ(M1)

2

)
(

1− σ(M2)
σ(M1)

) 3
2

(4.93)

While these two formulas give the probability of accretion from a M1 halo to a
higher mass M2, another quantity that gives useful insight on accretions is the
fractional mass accretion rate, given by the same equations multiplied by ∆M

M1
.

4.4.1.1 ΛCDM standard model

The first use of the formulas found above is to replicate prior studies. This is
achieved by imitating [28], where a power law solution of the variance in the
standard ΛCDM model is used.

S(M) ≈ δ2
c

(
M
M′

)0.35

≈ 115818
M0.35 (4.94)

where M′ = 1013h0M� is a normalization mass used in the article. This leads to
finding the accretion rates, as well as the fractional mass accretion rates at z=0, for
different initial conditions, as shown in Figure 4.8. The shape of the plot has a
strong resemblance to [28], despite the obtained values are not exactly the same.
This divergence must be due to differences in the constants used, such as h0, δc or
even the barrier ω in (4.93), thus the replication can be considered successful.

A similar analysis can be performed by starting from the adiabatic power spec-
trum (3.19), which alone represents the standard model power spectrum. As for
subsection 3.3.1, a power law fit for the adiabatic variance is required in order
to plot the results. The range chosen for this fit clearly determines the resulting
variance, hence the accretion rate. For a range MW = 1010 − 1020M�, similar to
the initial halo masses of Figure 4.8, the fitted variance is the following.

S(M) ≈ 250615
M0.37455 (4.95)

8Although only mergers can produce discrete mass increases, these mass gains can be many
and due to very small particles, generating the phenomenon of accretion.
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(a)

(b)

Figure 4.8: Growth rate for different halo masses at z = 0 analogously to [28].
While 4.8a shows accretion rate, 4.8b describe the fractional mass accretion rate.
Both these results try to replicate the graphs in [28].

(a)

(b)

Figure 4.9: Growth rate for different halo masses at z = 0 starting from the adia-
batic power spectrum (3.19). The accretion rate and the fractional mass accretion
rate are displayed.
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which is very similar to (4.94) in terms of mass dependence, but not quite the
same. This result leads to similar accretion rates to the replication of [28], shown
in Figure 4.9. It must however be noted that the fit of the adiabatic power spec-
trum variance could drastically change these curves. It is therefore important to
evaluate the best fit on the halo masses of interest.

4.4.1.2 Poissonian distributed PBHs

The main topic of interest in this chapter is now treated. The possibility that that
PBH cluster evolution leads to halos that quickly grow with the accretion rate
around z ∼ 10, from initially randomly distributed PBH, is investigated. This
rapid accretion could explain the early formation of very massive halos and con-
sequently boost the generation of galaxies, such as the ones observed by JWST. In
order to do that, accretion rates that peak, or at least exceed the standard model
scenario, around z ∼ 10, forming 1010M� halos, are looked for.

Firstly, the total variance required for the calculation of (4.93) must be determined.
This is achieved once again by applying (4.72) to both adiabatic (3.19) and isocur-
vature power spectrum from Poissonian distributed PBHs (3.36).

S10(M) = σ2
ad(M, z = 10) + σ2

iso(M, fPBH, mPBH, z = 10) (4.96)

= σ2
ad,10(M) + σ2

iso,10(M, fPBH, mPBH) (4.97)

By taking a deeper look at the formulas composing this total variance, one thing
can be noted, which has been already mentioned in chapter 3. From (3.36-3.39),
fPBH and mPBH dependence of the isocurvature component always come in pair,
leading to the simplification

σ2
iso,10(M, fPBH, mPBH) = σ2

iso,10(M, fPBHmPBH) (4.98)

Hereafter, the accretion rate is calculated numerically using Mathematica, by ap-
plying the same process described in subsection 3.3.1 for the variance, and then
inserting all the parameters in (4.93). Once more, PBHs are considered to be Pois-
son distributed at the beginning, hence having initial power spectrum equal to the
shot noise (3.30).

However, before moving to the numerical computation, some considerations on
the possible values of fPBHmPBH must be discussed. Firstly, fPBH cannot be larger
than 1, it follows that mPBH ≥ fPBHmPBH. Secondly, the objective is to minimise
the possible PBH mass mPBH, thus the smallest halo, after accretion, that could
generate a 1010M� stellar mass galaxy is searched. To respect this focused analysis,
fPBHmPBH . 108M�. This comes from the fact that if the starting cluster has a
significant mass increase, up to 1010M�, its growth is expected to be of at least an
order of 10, hence must have a maximum initial mass of 109M�. At the same time,
the scenario discussed here is the clustering of PBHs, therefore the cluster before
accretion is expected to be composed of at least 10 PBHs. Nevertheless, both PBHs
mass and starting cluster could be larger, as long as the SFE is smaller.

1010M� & M1 & 10mPBH & 10 fPBHmPBH ⇒
{

M1 . 109M�
fPBHmPBH . mPBH . 108M�

(4.99)
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(a)

(b)

Figure 4.10: Comparison between the accretion rates of halos in the standard
model scenario and with the inclusion of PBH at z = 10. The two graphs are
evaluated for starting clusters of mass 109M� and 105M� respectively. The vertical
lines indicate a final halo mass of 1010M� (dashed black line), and the limit mass
used for the fitting range (red).

In addition to that, it must be recalled that the PBH fraction of DM is also con-
strained from (4.85) fPBH & 0.01. In order to understand which value of fPBHmPBH
and M1 could be considered to explain an increase in 1010M� halos, many differ-
ent combinations were tested through their accretion rates. Some of these re-
sults are shown in Figure 4.10, and highlight the fact that only combinations of
M1 > 105M� lead to relevant accretion rates (see Figure 4.10b), higher than the
standard model’s adiabatic case. Since PBHs contribution to accretion clearly de-
creases with fPBHmPBH, Figure 4.10a can be used to determine that M1 can be
composed of a maximum number of approximately 104 PBHs, for their presence
to boost the halos accretion. This limit is in accordance with the constraint given
by (4.87).

Further analysis of this kind lead to finding the possible combinations of PBH
variables fPBHmPBH and initial halo mass M1 that are likely to grow into a 1010M�
halo at z ∼ 10. The main results are shown in Figure 4.11 in terms of accretion
rate, and in Figure 4.12 in terms of fractional mass accretion.

In conclusion, PBH presence associated with their clusters’ evolution, could lead
to an increase of 1010M� halos number, hence galaxies, with PBH parameters of
approximately fPBHmPBH ≈ 105 − 106M�. Before accretion to a mass of 1010M�,
those halos are expected be composted of 10 − 1000 PBHs, depending on the
situation. Consequently the mass of PBHs can be expected to be in the range
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(a)

(b)

(c)

(d)

Figure 4.11: Accretion rates of halos at z = 10, in the standard model scenario and
with the inclusion of PBH, for clusters with masses 109, 108, 107 and 106M�. The
thicker lines represent the most likely variables combinations that could lead to an
accretion to a 1010M� halo. This latter threshold is also highlighted by the vertical
black line. The vertical red line indicates the higher limit of the fitting mass range
for the adiabatic variance.
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(a)

(b)

(c)

(d)

Figure 4.12: Fractional mass accretion rates of halos at z = 10, in the standard
model scenario and with the inclusion of PBH, for halos with masses 109, 108, 107

and 106M�. The thicker lines represent the most likely variables combinations
that could lead to an accretion to a 1010M� halo. This latter threshold is also
highlighted by the vertical black line. The vertical red line indicates the higher
limit of the fitting mass range for the adiabatic variance.
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(a)

(b)

Figure 4.13: Stellar mass density at z = 10 for the possible PBH variables combi-
nations highlighted in (4.100).

105M� . mPBH . 108M�.

In summary:

fPBHmPBH ≈ 105 − 106M�
105M� . mPBH . 108M� (4.100)

fPBH & 0.01

106M� . M1 . 109M�

where the different possible combinations must be checked with Figure 4.11 and
4.12.

The stellar mass density of the possible combinations (4.100) can be found with the
same analysis on Poisson distributed PBHs of section 3.3. These results are shown
in Figure 4.13, with and without ellipsoidal correction (subsection 3.2.4), depend-
ing on fPBHmPBH as these variables always come together in the cumulative stellar
mass density formula (3.59).

4.4.2 Survival time

Another question that could arise after having found PBH parameters for which
accretion peaks around z ∼ 10, is whether or not the PBH clusters evaporation
should be taken into account or not. Following [40], [41] and [50], it is possible
to study this phenomenon. On one hand, [50] provides a formula to compute an
approximate evaporation time of a halo composed of N discrete objects, due to
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gravitational forces.

tev ≈
14

N2 ln(N)

v9

n2G5m5 (4.101)

where v =
√

GNm
Rcl

is the mean particles velocity, Rcl is the radius of the clusters,
n is the number density and m the particles mass. This formula can be applied
to PBH clusters, by approximating the scenario to the monochromatic PBHs case
and neglecting the adiabatic matter. In order to do this, the number density can
be called n = nPBH

9, while PBH monochromatic mass m = mPBH is used and N is
the number of PBH in the halos. The typical clusters radius is defined as the scale
of virialized objects that include N PBHs. For this reason, the same approximation
used to define the overdensity of a collapsed, hence non-linear, perturbation can
be used (4.48) [40].

nPBH ≈ 200nPBH ≈
3N

4πR3
cl
⇒ Rcl ≈

(
3N

4π200nPBH

) 1
3

(4.102)

With this knowledge, the explicit evaporation time can be found.

tev ≈
224π2N
9 ln(N)

√
R3

cl
GNmPBH

≈ 224π2N
9 ln(N)

√
3

4π200GnPBHmPBH
(4.103)

The evaporation must take place after the formation of a halo and is expected to
happen in the MD universe. It is therefore possible to compute the evaporation
redshift by applying (C.14).

zev + 1 ≈
(

t0

tev + t f orm

) 2
3

=

 t0

tev +
t0

(z f orm+1)
3
2


2
3

=
z f orm + 1(

tev(z f orm+1)
3
2

t0
+ 1
) 2

3
(4.104)

where t0 is the present time of the universe and its value is listed in Appendix A.

On the other hand, the time required for a halo to undergo accretion or merger
with other halos, and grow in mass and size, contrasts the evaporation process.
With the excursion set theory, it is possible to find the survival time of halos, before
they get included in larger ones, either by accretion or merger. This can be then
compared to the evaporation time to understand whether growth or evaporation
takes place sooner. The survival time can be found by firstly computing the total
probability, that a cluster present at time ω1 with mass S1 is included in a halo of
a larger mass S2 < S1 at time ω2 > ω1 or earlier [41]. This is also equivalent to the
probability of a halo to be included in a cluster of mass S2 or larger, by a precise
time ω2, since finding larger halo masses means that its perturbation has crossed a
higher barrier beforehand. This probability can be calculated by integrating (4.90).

P(S1, ω1|S < S2, ω2) = P(S1, ω1|S2, ω > ω2) =
∫ S2

0
fS′2

(S1, ω1|S′2, ω2)dS′2 (4.105)

=
1
2

ω1 − 2ω2

ω1
e

2ω2(ω1−ω2)
S1 [1− erf(X)] +

1
2
[1− erf(Y)] (4.106)

9Notice that this is not the average number density, but the local one.
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where

X =
S2(ω1 − 2ω2) + S1ω2√

2S1S2(S1 − S1)
, Y =

S1ω2 − S2ω1√
2S1S2(S1 − S1)

(4.107)

The infinitesimal probability of a halo being included in a larger one can also be
very useful, in order to understand the process dynamics. This in fact gives the
probability that a cluster S1 is incorporated into a larger S2 halo in an interval
between ω2 and ω2 + dω2.

gω2(S1,ω1|S2, ω2)dω2 = − δ

δω2
P(S1, ω1|S2, ω > ω2)dω2 (4.108)

=

√
2
π

1
ω1

√
S1

S2(S1 − S2)
e

2ω2(ω1−ω2)
S1

[
S1(ω1 −ω2)− S2(ω1 − 2ω2)

S1
e−X2

+

√
π

2

√
S2(S1 − S2)

S1

(
1− (ω1 − 2ω2)2

S1

)
[1− erf(X)]

 (4.109)

With all these formulas it is possible to study how PBH clusters would behave in
terms of survival and evaporation times. Plots with the different possible PBH
variables (4.100) can be extracted from the above formulas for both infinitesimal
(4.109) and total (4.106) survival times probabilities. Their results are shown in
Figure 4.14 and 4.15.

It is clear that for most situations, evaporation does not play an important role,
as the halos get incorporated by larger ones before they have time to evaporate.
In many cases, the evaporation times’ lines are not shown, since it would be later
than z ∼ 10. The only case where evaporation is relevant is shown in Figure 4.14c
and 4.15c for fPBH = 0.1 and a cluster of 10 PBHs. In this scenario, it can be
expected that some such halos evaporate since the evaporation time sets when
∼ 40% still has not been incorporated.
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(a)

(b)

(c)

(d)

Figure 4.14: Incorporation probability into a 10 times larger halo over different
redshifts, for initial PBH clusters. The plots show the cases with (first and third)
and without (second and fourth) adiabatic component of the power spectrum.
The vertical black lines indicates the formation time of the PBH halos, calculated
with (4.82), while the red ones indicate the evaporation time, for their respective
scenario, indicated by the shape of the curves.
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(a)

(b)

(c)

(d)

Figure 4.15: Percentage inclusion in a 10 times larger halo one, for initial PBH
clusters. The plots show the cases with (first and third) and without (second
and fourth) adiabatic component of the power spectrum. The vertical black lines
indicate the formation time of the PBH halos, calculated with (4.82), while the red
ones indicate the evaporation time, for their respective scenario indicated by the
shape of the curves.
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4.5 Discussion and constraints for PBH clusters evolution

The objective of this chapter is to better comprehend the type and effects of PBH
clustering on galaxy formation. From section 4.1, it was understood that the dis-
crete particle approach for PBH distribution is not a good model for this task. The
results were in fact far from the ones in chapter 3 for similar scenarios, and are
unsatisfactory for situations where clustering is expected.

In section 4.2, the size of clusters was studied considering only the presence of
PBHs, leading to the conclusion that this effect becomes relevant only for a large
PBH portion of DM fPBH & 0.001, from Figure 4.5, which is out of the values con-
sidered before. Although including other components, such as PDM and baryons
could modify the results slightly, this constraint could become even stricter con-
sidering a relevant cluster of at least 10 PBHs (4.85), which leads to fPBH & 0.01.
Therefore the validity of not considering the clustering effect in chapter 3 is con-
firmed.

The most interesting results come from section 4.4. With the formula of the for-
mation time of cluster (4.82) it is already possible to draw some conclusions on
the PBH portion of DM and the monochromatic mass required for clustering ef-
fects. In fact with (4.85) and (4.87) it is possible to compute the limits on PBH
variables to obtain clusters of the mass of interest ∼ 1010M�. The first equation
tells that fPBH & 0.01 is the lower limit for a PBH halo to have formed by z ∼ 10.
The second outcome leads to the finding that PBHs can have masses as low as
mPBH & 106M�, in the case PBHs take a large fraction of DM fPBH ∼ 1. How-
ever, these constraints do not take into consideration any accretion or evaporation
effects, which could lead the halos to become too massive or fade away. For this
reason, in the following part of the section, these phenomena were taken into ac-
count, and a more detailed analysis was performed to find the PBH variables that
lead to the halo mass of interest. These results are taken from (4.100).

fPBHmPBH & 105M�
mPBH & 105M� (4.110)
fPBH & 0.01

M1 & 106M�

where M1 is the starting bare PBH cluster mass that grows to the mass of interest
around z ∼ 10 with accretion. It must be noted that only the lower constraints
are reported here from (4.100). This is due to the fact that if SFE is small, the
mass of the formed halo should be much larger than the mass of interest used
above ∼ 1010M�. Clearly, larger PBH mass would increase both fPBHmPBH and
M1, leading to larger halos as z ∼ 10. However, as SFE is not defined, the most
stringent constraint from above still comes from the limited observations of super
massive BHs & 1011M� [34].

To conclude the section, survival times by incorporation and evaporation where
covered. It was found that all halos tend to grow or be incorporated in larger clus-
ters long before evaporation for fPBH = 1. However, the smaller the PBH fraction
of DM, the more relevant evaporation becomes. In fact, Figure 4.15 shows that
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already for some PBH clusters (made of 100 PBHs) with fPBH = 0.1 the evapora-
tion effects are relevant before z ∼ 10 when not all halos have grown significantly
yet. This means that although accretion and merger appear to still be prevailing
on evaporation, this last phenomenon becomes more relevant as fPBH gets smaller,
and should therefore be taken into account.

The new limits found, do however conflict with the constraints coming from ob-
servation [2], shown in Figure 3.5. From reference [2], it is clear that for a PBH
range of masses mPBH ≈ 105 − 109M� there are strict constraints on fPBH coming
from X-rays observation of accretion onto PBHs [16] [17], dynamical friction of
PBHs into galaxies [33] and PBHs millilensing [35]. In fact, the highest PBH frac-
tion of DM allowed would be fPBH . 0.001. Although these constraints seem to
rule out the newly found combinations of PBH variables, many of these limits are
dependent on the models used to calculate them. In general, PBHs are considered
to be randomly distributed, even at the time of the observation. The addition of
clusters could drastically modify these constraints. By considering clustering, on
one hand, less lonely PBHs than the ones formed would be found in the universe,
while on the other, PBH clusters would have very different effects of accretion,
dynamical friction and gravitational lensing than the single ones, modifying their
signals. For this reason, constraints coming from observations should be reeval-
uated for the case of PBH clusters, to better understand if large PBH fractions
of DM fPBH & 0.01 could be allowed for the mass range mPBH ≈ 105 − 1010M�.
While these constraints are expected to drop drastically, only a focused study on
the matter could clarify it.
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5 Conclusions

With this work, different possibilities on how the presence of initially Poisson
distributed PBHs could have led to accelerating galaxy formation and explain
JWST observation of a population of these massive star systems M∗ ∼ 1010M�
in the early universe z ∼ 10 were investigated [5]. While chapter 3 studied the
stellar mass density depending on PBH fraction of DM fPBH and monochromatic
mass mPBH, in chapter 4 the focus was on how these galaxies could have formed
through PBH clustering.

The result that arises from both analyses is a lower constraint for the combination
of PBH variables fPBHmPBH & 105M�, which however should be moved up if
lower SFE values are considered. Other than that, the two chapters lead to very
different conclusions.

In chapter 3, lonely PBHs were considered for the results obtained. The replication
of the outcomes of article [9] were quite accurate, moreover, the correctness of the
analysis of not considering clustering was confirmed. The limits of this study
are dictated by the measured constraints on PBHs [2], which are quite stringent
for randomly distributed PBHs of mass mPBH & 105M� (see Figure 3.5). In this
scenario, the smallest PBH mass admitted is m & 109M�, which is already very
large and should increase as soon as SFE falls. Despite this possibility is not to
discard, it has strong limitations. In fact, BHs masses in general are confined
from above because of the very poor number of observations of super massive BH
& 1011M� [34]. Thus considering PBH constraints [2], the possibilities to explain
JWST measurements with this model have strict boundaries.

fPBHmPBH & 105M� (5.1)

mPBH ≈ 109 − 1010M�
fPBH . 10−3 (5.2)

ε & 0.1

The unknown SFE represents an additional aspect that limits the precision of the
results and could even lead to ruling out this possibility if too small ε . 0.01.

In chapter 4, the constraints on PBH variables applied in chapter 3 [2] were not
taken into account, as calculated considering lonely PBHs. It is in fact expected
that these constraints drop drastically with the clustering effect. Large fractions
of DM composed of PBH were studied, for which the PBH clustering should play
an important role in the halo formation.

fPBH & 0.01 (5.3)

Particular attention was paid to PBH clusters that increase their accretion rate
drastically around z ∼ 10, to form & 1010M� halos. This led to finding a much
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lower constraint for PBH masses mPBH & 105M� that could explain the formation
of JWST observed galaxies. This means that if PBHs cluster, their possible mass
has a wider range, hence SFE is much less confined from below, increasing the
probability of this model being successful.

mPBH ≈ 105 − 1010M� (5.4)

Consequently, PBH clusters growing into the halos of interest should have a min-
imum mass of M1 ≈ 106M�. It must however be mentioned that the smaller the
PBH fraction of DM, the stronger the effect of the evaporation on PBH clusters,
which cannot be neglected for fPBH . 0.1.

On a general note, very loose approximations were used throughout the project.
Thus important information about the results is their order of magnitude. Ad-
ditionally, PBH mass distribution was considered monochromatic. An extended
PBH mass function could be used to have better results.

The main conclusion from these analyses is that PBH clustering has more proba-
bilities to explain JWST observation than the randomly distributed PBHs, whose
results are quite extreme. This is due to the fact that, for the clustering case, PBH
masses are much less restricted and consequently also SFE. Therefore if PBHs are
discovered to have a mass smaller than 109M�, or SFE are found to be lower than
0.11, only the clustering model would remain a plausible theory. On the other
hand, fPBH can be capped from above if other DM constituents are proven to exist,
restricting the PBH clustering possibility.

This outcome has a strong limit though, which is represented by the constraints
coming from observations. In fact, the possibility of clustering is based on the
fall of these constraints at large fPBH. However, this cannot be given for granted.
Although these limits are expected to weaken with the clustering effect, their new
values could not be high enough to allow PBH clustering to take place. Thus a
new study to reevaluate the constraints on the PBH fraction of DM in the mass
range mPBH ≈ 105 − 1010M� is required to support or rule out PBH clustering
possibility. Nevertheless, a similar study could be very complex as the dynamics
inside of a cluster are difficult to predict.

Furthermore, other possibilities that could explain JWST measurements through
PBHs existence could be considered. For example, the addition of a cluster compo-
nent in the initial PBH distribution could drastically boost galaxy formation (see
Appendix E) and it is worth exploring this scenario further.

1Although SFE is still unknown, values of unity are not expected to be reached as considered
extremely high.
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A Constants and formulae

Parameter Symbol Formula
Density parameter Ω ρ

ρc
= 8πGρ

3H2
0
= Ωm + Ωr + ΩΛ

Dimensionless Hubble
parameter

h H0
100

s
km Mpc

Inverse comoving hori-
zon at equality

keq aeqHeq

Scale factor a a
a0

= 1
1+z

Table A.1: Table of formulae

Constant Symbol Value Reference
Speed of light c 2.99792458 · 108 m

s
Gravitational constant G 6.6743015 · 10−11 Nm2

kg2

Solar mass M� 1.98847 · 1030 kg
Hubble constant at
present time

H0 67.37± 0.54 km
s Mpc−1 [22]1

Dimensionless Hubble
parameter

h 0.6736± 0.0054 Table A.1

Matter abundance at
present time

Ω0
m 0.3153± 0.0073 [22]1

Baryon abundance at
present time

Ω0
b 0.0493± 0.0009 [22]1

Cosmological abun-
dance at present time

Ω0
Λ 0.6847± 0.0073 [22]1

Curvature abundance at
present time

Ω0
K −0.011+0.013

−0.012 [22]1

Inverse comoving hori-
zon at RD-MD equality

keq 0.010398± 0.000094 Mpc−1 [22]1

Redshift at RD-MD
equality

zeq 3402± 26 [22]1

Scale factor at RD-MD
equality

aeq (2.94± 0.02)10−4 Table A.1

Pivot scale kp 0.05 Mpc−1 [20] [21]
Primordial power spec-
trum amplitude

AR (2.100± 0.030)10−9 [22]1

Scalar spectral index ns 0.9649± 0.0042 [22]1

Age of the universe t0 13.8 · 109 yr [22]

Table A.2: Table of constants.

1Quantities measured for ΛCDM model, from Planck CMB power spectrum, considering
TT,TE,EE+lowE+lensing observation. The values come from Table 2 of [22].
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B Acronyms

Acronym Meaning
BH Black Holes
CDM Cold Dark Matter
CMB Cosmic Microwave Background
DE Dark Energy
DM Dark Matter
HMF Halo Mass Function
JWST James Webb Space Telescope
L Linear
ΛCDM Lambda-CDM
MD Matter-Dominated
NL Non-Linear
PBH Primordial Black Holes
PDM Weakly interacting massive Particle Dark Matter
PS Press-Schechter
QL Quasi-Linear
RD Radiation-Dominated
SFE Star Formation Efficiency

Table B.1: Table of Acronyms
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C Cosmological properties

In this appendix, the fundamental properties of cosmology are recalled, but also
their main implications useful for this report, as well as some important notation.
In addition to that, it must be mentioned that throughout the whole report, natural
units apply.

C.1 Coordinates formalism

As formalism in cosmology can sometimes become a little bit confusing and con-
tradictory throughout different sources, here is a brief summary of the notation
used in this report.

C.1.1 Comoving coordinates

Physical, observable, or also called proper distances can be split into a scale factor
a(t), which represents the expansion of the universe, and an epoch independent
component called comoving distance. This report makes use predominantly of the
comoving coordinates, however proper distances can occasionally be used. When-
ever the latter ones come into play, and their distinction is relevant, they will be
addressed with a tilde: x̃ are the proper vectors and x the comoving ones. The dif-
ference in coordinates can also be applied to other variables, such as wavenumber
or energy density, as shown below.

x =
x̃

a(t)
k = a(t)k̃ ρ = a(t)3ρ̃ (C.1)

It must be noted that for matter overdensity, comoving and proper values are the
same

δ =
δρ̃m

ρ̃m
=

δρm

ρm
(C.2)

since δρ̃m behave exactly the same as ρ̃m under coordinates transformation.

C.1.2 Conformal time

In addition to that, another important variable in the study of cosmology is the
conformal time η, which can substitute the proper time t. This new coordinate is
represented through the comoving particle horizon lp. This horizon is defined as the
maximum distance between two objects so that they have been in causal contact
within the age of the universe, hence it represents the observable universe. On the
other hand, conformal time is the amount of time a photon would take to travel
from a specific location to the furthest visible point in space, or in other words to
the particle horizon. Since the speed of light is c, the conformal time and particle
horizon can be linked with it.

lp = cη (C.3)
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C.1. Coordinates formalism

This means that in natural units, the two variables match, and can be written as
follows.

η =
∫ t

0

dt′

a(t)
or dη =

dt
a(t)

(C.4)

C.1.3 Scale factor

A main element of cosmology is the scale factor a(t). Its importance comes as
a consequence of the wide use of comoving coordinates and conformal time in
cosmology, making its appearance in both (C.1) and (C.4). It must therefore be
noted that the scale factor a(t) is unit-less and only time dependent. In fact, it
is sometimes used as time reference instead of the time a = a(t). In general, al-
though most variables have a time dependence, this is often not explicitly written,
as thought to be implicit (e.g. a(t) = a, x̃(t) = x̃, . . . ). It may happen that this
dependence is shown only when relevant for calculations. It also relates to the
redshift.

a
a0

=
1 + z0

1 + z
(C.5)

On a side note, the scale factor at present time is a(t0) = 1 and the redshift z0 = 0.

C.1.4 Coordinates derivation

Another element useful for the report, that sometimes can not be as straightfor-
ward as it seems at first look is the change between different derivation coordi-
nates, or even the derivation itself. This subsection has the objective to provide a
brief summary of the properties required for the report, their formalism and some
small reminder to not fall into foolish mistakes.

While derivatives over time and space can be rewritten following the traditional
properties,

d
dx

=
dx̃
dx

d
dx̃

= a
d
dx̃

d
dη

=
dt
dη

d
dt

= a
d
dt

(C.6)

the derivation over proper and comoving time is written differently.

d
dη

a(η) = a′(η)
d
dt

a(t) = ȧ(t) (C.7)

The Hubble parameter is defined with the proper time coordinates.

H =
ȧ
a
6= a′

a
(C.8)

As derivation is the argument of interest in this subsection, it is worth mentioning
the velocities. The definitions of proper and comoving velocities, together with
other useful properties are shown below.

v =
dx
dη

= ṽ− Hx̃ ṽ =
dx̃
dt

= v +
a′

a
x (C.9)

dx
dt

=
ṽ
a
− H

a
x̃ =

v
a

d
dv

=
dṽ
dv

d
dṽ

=
d

dṽ
(C.10)
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C. Cosmological properties

C.2 Friedmann equations

As they represent the main element for the description of the dynamics of the
universe in the standard model, Friedmann equations need a brief introduction and
discussion in the context of this report. Without going into details on their deriva-
tion, the Einstein equations, together with the fundamental assumptions that the
universe is homogeneous and isotropic, lead to a set of two equations.

ȧ2

a2 +
K
a2 −

Λ
3

=
8πG

3
ρ̃ and 2

ä
a
+

ȧ2

a2 +
K
a2 −Λ = −8πGp̃ (C.11)

where the three unknowns are the scale factor a, pressure p̃ and energy density
ρ̃. In addition to that, K (−1 open, 0 flat, +1 closed) is the curvature and Λ is the
cosmological constant.

The equation of state complements Friedmann equations, by providing the third
equation to the three unknown variables.

p̃ = ∑ wρ̃,


w = 0, non-relativistic matter
w = 1

3 , relativistic matter
w = −1, dark energy

(C.12)

These three equations can often come in different forms, however, they provide a
complete description of the expansion of the universe in the ΛCDM model, and
can be used to detect many useful properties. Two scenarios that are of main
importance in this report, but also in cosmology in general, are the radiation
and matter dominated epochs. In the next subsections, these two situations are
discussed and their properties relevant to this report are calculated.

C.2.1 Matter dominated universe

In a flat MD universe: K = 0, Λ = 0, ρ̃ = ρ̃m and with the equation of state (C.12)
p̃m = 0. Consequently Friedmann equations (C.11) lead to

ρ̃m =
3H2

8πG
, 2

ä
a
+ H2 = 0 (C.13)

where the Hubble factor is H = ȧ
a . The second equation can be solved to show the

time dependence of the scale factor in this flat MD universe.

a = a0

(
t
t0

) 2
3

⇒ H(t) =
2
3t

(C.14)

From this result, the first equation of (C.13) can be used to compute the back-
ground matter energy density explicitly, but also to find its dependence on the
scale factor.

ρ̃m =
1

6πG
1
t2 and ρ̃m ∝

1
a3 (C.15)

Following these results the important relation between overdensity and scale fac-
tor can be found. In a MD universe, the first Friedmann equation (C.11) must be
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C.2. Friedmann equations

valid for the background density, but also for the small locally overdense regions,
for which the curvature is non-null (K 6= 0). This property can be used to find the
energy density difference between the perturbed and unperturbed scenarios.

H2 − 8πG
3

ρ̃m = 0 (C.16)

H2 − 8πG
3

ρm(x) = −
K
a2 (C.17)

⇒ δρ̃m = ρ̃m(x)− ρ̃m =
3K

8πGa2 ∝
1
a2 (C.18)

Using the background densities dependence on the scale factor (C.15), it is possible
to find the relation between overdensity and scale factor in a MD universe.

δm(x) =
ρ̃m(x)− ρ̃m

ρ̃m
∝ a (C.19)

Another important property for this report comes from the linear perturbation
theory. Without going into details on its origin, the general evolution equation of
a linear overdensity can be recalled from [12].

δ̈L + 2Hδ̇L = δL

(
4πGρ̃− c2

s k2

a2

)
(C.20)

where c2
s =

∂ p̃
∂ρ̃ is the so called speed of sound, while k is the comoving wavevector

of the perturbation. In the case of MD universe, the action of pressure is neglected
p = 0, meaning that also cs = 0. Consequently the overdensity evolution equation
gets simplified.

δ̈L + 2Hδ̇L − 4πGρ̃mδL = 0 (C.21)

Using the power law to solve this equation δL ∝ an, and the properties found
above (C.14) and (C.15), the result for the linear overdensity is the following.

δL ∝ a ∝ t
2
3 (C.22)

It must be noted that this result is in accordance with (C.19).

C.2.2 Radiation dominated universe

Similarly to the MD case, a flat RD universe has K = 0, Λ = 0, ρ̃ = ρ̃r and with

the equation of state (C.12) p̃r =
ρ̃r
3 . Once again Friedmann equations (C.11) lead

to

ρ̃r =
3H2

8πG
, 2

ä
a
+ H2 = −8πGpr = −

8πG
3

ρ̃r (C.23)

The two equations can be subtracted one from the other and solved with a power
law a = tn to find the result

(2n− 1)n = 0 (C.24)
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C. Cosmological properties

which has solutions n = 0 and n = 1
2 . However, the first option can be discarded

as it represents a static universe, which is not the case. Consequently, this leads to
finding the time dependence of the scale and Hubble factor.

a = a0

(
t
t0

) 1
2

⇒ H(t) =
1
2t

(C.25)

Analogously to the MD case, the first equation of (C.23) can be recalled to compute
the background radiation energy density explicitly, but also to find its dependence
on the scale factor.

ρ̃m =
3

32πG
1
t2 and ρ̃m ∝

1
a4 (C.26)

Since the scenario is similar to the MD universe, the same analysis of the previous
subsection on the overdensity can be applied, by recalling the difference in the
curvature of perturbed and unperturbed regions in the first Friedmann equation
(C.11).

H2 − 8πG
3

ρ̃r = 0 (C.27)

H2 − 8πG
3

ρr(x) = −
K
a2 (C.28)

⇒ δρ̃r = ρ̃r(x)− ρ̃r =
3K

8πGa2 ∝
1
a2 (C.29)

The difference with MD universe comes from the different scale factor dependence
on the background densities (C.26). In fact, once this result is applied, it leads to
the solution in the RD universe.

δr(x) =
ρ̃r(x)− ρ̃r

ρ̃r
∝ a2 (C.30)

C.3 Abundances

Abundances in cosmology play an important role, as they indicate fractions of
each component: relativistic and non-relativistic matter, dark energy and curva-
ture component. They are defined as follows.

Ω̃x =
ρ̃x

ρcr
, ρcr =

3H2
0

8πG
(C.31)

where x is a constituent to be defined and ρcr is the critical density. This represents
the total energy density if the universe was completely flat at present time (hence
H0 instead of H), and it is used to define the abundances.

It must be noted that since a(t0) = 1 from subsection C.1.3, and the proper energy
density scales with it (C.1), the critical density at present time is the same as the
comoving critical density. In fact, this is not only the case of critical density, but it
is valid for all densities at present time.

Consequently, also the abundances at present time are equal to the comoving
abundances.

Ωx(t0) =
ρx(t0)

ρcr
=

ρ̃x(t0)

ρcr
= Ω̃x(t0) (C.32)
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C.4. Hubble horizon

In particular, the comoving matter energy density stays constant during the MD
universe. The evolution of the proper matter energy density depends on the scale
factor (C.15), which is exactly opposed to the change of coordinates from proper
to comoving (C.1). In the last phase of the universe the cosmological constant com-
ponent does not exceed matter excessively, the universe can be approximated to
be dominated by matter until present time1. Therefore the matter abundance mea-
sured today is expected to be the same going back until radiation-matter equal-
ity, at redshift zeq. For this reason, throughout this report the comoving matter
abundance will be considered constant for the mentioned period, referring to the
comoving matter energy density.

Ωm = Ω0
m = Ω̃0

m (C.33)

Clearly, also the sub-components abundances of the non-relativistic matter, such
as DM or baryons, will stay constant.

An additional interesting property of abundances comes from Friedmann equa-
tions, which can be combined to give a relation between the Hubble constant H
and the one at present time H0. Without going into details, the equation reads

H2 = H2
0

[
ΩΛ + ΩK

( a0

a

)2
+ Ωm

( a0

a

)3
+ Ωr

( a0

a

)4
]

(C.34)

where the four abundances are respectively the ones from dark energy, curvature,
matter and radiation.

As a side note, non-relativistic matter is often referred to as only “matter”, this
does not include radiation. Additionally, non-relativistic energy density could be
called simply “energy density” since it represents the main focus of the report.

C.4 Hubble horizon

PBHs are expected to generate when a collapsing perturbation re-enters the co-
moving Hubble horizon. This horizon represents the delimiting sphere around an
observer, beyond which the particles move away faster than the speed of light.
This means that two objects can communicate only if they are one within the Hub-
ble horizon of the other. For this reason, a perturbation is required to enter the
Hubble horizon to be able to collapse. If an object is outside the Hubble horizon of
an observer, they cannot communicate anymore but could have communicated in
the past. For this reason, Hubble horizon is within the particle horizon, mentioned
in subsection C.1.2.

The comoving distance of the Hubble horizon is defined as

lH =
1

aH
(C.35)

and the mass within Hubble volume, at the time of PBH formation, is M
1
2
H ∝

lH. This mass can be computed, knowing that if PBH ever existed, they would

1Cosmological constant and matter equality is approximately at z ∼ 0.5, since the redshift
studied in this report are higher, MD universe is always considered.
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C. Cosmological properties

have formed approximately in RD universe where the properties found in subsec-
tion C.2.2 apply.

H =
1
2t

∝
1
a2 ⇒ lH ∝ a (C.36)

Assuming the Hubble horizon to be spherical, the mass included within it, that
will form the PBH is calculated below, making use of the comoving coordinates
properties (see subsection C.1.1) and the energy density in RD universe (C.26).

MH =
4
3

πρ̃r l̃3
H =

4
3

πρ̃ra3l3
H ∝ a2 ∝ l2

H (C.37)
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D Power spectrum

In this appendix, a brief introduction to the power spectrum as a mathematical ele-
ment is reported. The material displayed takes inspiration from chapter 16 of [12]
and [28].

The correlation function gives the probability of two objects being found at a cer-
tain distance. In cosmology, the two-point autocorrelation function between over-
densities is used, which describes the probability of finding two galaxies (objects)
separated by a certain distance.

ξ(|x1 − x2|) = 〈δ(x1), δ(x2)〉 =
1
V

∫
d3xδ(x)δ(x− (x1 − x2)) (D.1)

where V is the volume that represents the cutoff of the integration, which is very
large, larger than any scale of interest. It is important to recall that the universe is
homogeneous and isotropic, therefore the galaxies (or in this case density pertur-
bations) are scattered independently and uniformly, so that the specific location
of the two does not play a role, but only their distance.

This autocorrelation probability can also be described using the power spectrum
P(k).

ξ(|x1 − x2|) =
1

(2π)3

∫
d3ke−ik(x1−x2)P(k) (D.2)

This mathematically means that the power spectrum is the Fourier transform of
the correlation function. Once again, because of the isotropy of the universe, the
power spectrum does not depend on the direction but only on the magnitude of k.
In addition to that, the power spectrum also has a temporal dependence, usually
characterised by the scale factor a: P(k, a). When a is neglected, it is generally
considered the power spectrum at the present epoch.

The correlation function could also be written with the Fourier transform of the
density perturbations. This is shown below extensively.

ξ(|x1 − x2|) =
1

(2π)6

∫
d3kd3qe−ikx1 e−iqx2〈δ(k), δ(q)〉 (D.3)

=
1
V

1
(2π)6

∫
d3x

∫
d3kd3qe−ikxe−iq(x−(x1−x2))δ(k)δ(q) (D.4)

=
1
V

1
(2π)3

∫
d3kd3qδ3(k + q)e−ik(x1−x2)δ(k)δ(q) (D.5)

=
1
V

1
(2π)3

∫
d3ke−ik(x1−x2)|δ(k)|2 (D.6)

=
1
V

1
(2π)3

∫
d ln(k)k3 sin(k|x1 − x2|)

k|x1 − x2|
|δ(k)|2 (D.7)
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D. Power spectrum

where in the third passage the properties of the Dirac delta are applied δ3(k+q) =
1

(2π)3

∫
d3xe−ix(k+q), while for the forth one the integration over q is performed

using the property δ∗(k) = δ(−k)1. The last step is a simple change to spherical
coordinates together with the fact that k can be set to have θk = 0 and ψk = 0 so
that k(x1 − x2) = k|x1 − x2| cos(θ) and the integral∫ π

0
dθ sin(θ)e−ik(x1−x2) =

sin(k|x1 − x2|)
k|x1 − x2|

(D.8)

As a consequence, the power spectrum can be defined in different forms compar-
ing (D.3) and (D.6) to (D.2).

〈δ(k), δ(q)〉 = (2π)3δ3(k + q)P(k) or P(k) =
1
V
〈|δ(k)|2〉 (D.9)

where in the last formula, the average over the ensemble of the universe is required
since the power spectrum needs to be isotropic, therefore it must not have any
preferred direction.

The power spectrum has dimension m3 since both cutoff volume and overdensi-
ties2 in the Fourier space have [V] = [δ(k)] = m3. Consequently a dimensionless
form of the power spectrum which is widely used, and is defined below defined
as follows.

∆2(k) =
k3

2π2 P(k) (D.10)

The amplitude of the power spectrum describes the density contrast contribution
to the total correlation probability of structures with characteristic length L. k rep-
resents the scale factor k = 1

L where L is the characteristic length, or the scale of
the overdense region3. Since the Fourier transform decomposes a function in sinu-
soidal waves, the power spectrum represents the waveform of the energy density
distribution. The correlation function gives the probability of having two over-
dense regions at a certain distance based on the superposition of all perturbation
waves (when the distance is null there is the certainty of finding an overdense
region knowing the first one, since it is the same).

1This can be found starting from the fact that δ(x) is real, consequently its Fourier transform
δ(k) =

∫
d3xeikxδ(x) has an imaginary component only at the exponential. Conjugating this func-

tion would simply lead to the addition of a minus at the exponential.
2As the overdensity δ(x) are dimensionless, their Fourier transform has dimension m3 due to

the integration over a volume δ(k) = 1
(2π)3

∫
d3xe−ixkδ(x).

3It must be noted, that this is just a normalization and can vary, since k is not in the real space.
In fact, k = 2π

L is also often used, which better represent the wavenumber, however, for simplicity
in this report the first normalization is chosen.
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E Non-Poisson PBH distribution

As last analysis of the formation of galaxies in the early universe, the possibility
that PBHs do not have a pure initial Poisson distribution can be considered, de-
spite this scenario is not suggested by [37] [38]. This appendix has the objective of
giving insight of how the stellar mass density could vary when a clustering com-
ponent is taken into account, by having non-null initial reduced PBH correlation
function (4.20). This last study however aims to only produce numerical results,
following article [51], and does not include specific insights on the results.

The procedure to calculate the stellar mass density for non-Poisson distributed
PBHs is the same as chapter 3 and can be achieved by applying PS on the modified
power spectrum. Since the goal of this section is to find an estimation due to the
addition of the clustering component into the picture, an initially constant reduced
PBH correlation function can be used at small scale rcl . 1 kpc [51]. Specifically,
the notation of section 4.2 is recalled.

ξPBH(x, z∗) = ξPBHΘ (rcl − x) =

{
0, x ≥ rcl

ξPBH, x < rcl
(E.1)

where rcl represents the dimension of the clustering, ξPBH is a constant, while Θ
is the Heaviside step function. The initial correlation function (4.19) thus has an
additional term.

〈δPBH(x)δPBH(0)〉 =
δ3(x)
nPBH

+ ξPBH(x)Θ (rcl − x) (E.2)

Considering perturbations from PBH isocurvature fluctuations, their initial power
spectrum (4.21) is the following.

∆2
∗,cl(k) =

k3

2π2

∫
dx3eikx

(
1

nPBH
δ3(x, z∗) + ξPBH(x, z∗)

)
(E.3)

=

(
k
k∗

)3

+
k3

2π2

∫
dx3eikxξPBHΘ (rcl − x)

Once integrated this leads to the explicit initial dimensionless isocurvature power
spectrum.

∆2
∗,cl(k) =

[
k3

2π2nPBH
+ ξPBH

2
π
(sin(rclk)− rclk cos(rclk))

]
(E.4)

where the notation with average PBH number density nPBH (4.13) was chosen over
the characteristic wavelength k∗ (4.28).
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E. Non-Poisson PBH distribution

The Fourier transform in 3 dimension of the Heaviside step function was found
as follows.∫

dx3eikxΘ (rcl − |x|) =
∫ 2π

0

∫ π

0

∫ ∞

0
dϕdθdx sin(θ)x2eixk cos(θ)Θ (rcl − x)

= 2π
∫ π

0

∫ rcl

0
dθdx sin(θ)x2eixk cos(θ)

= 2π
∫ rcl

0
dx

eixk − e−ixk

ik
x (E.5)

=
4π

k

∫ rcl

0
dx sin(kx)x

=
4π

k3 (sin(rclk)− rclk cos(rclk))

where in the first passage spherical coordinates are evaluated along k, therefore θ
is the angle between the vectors x and k. In the fourth passage, the exponential
formula for the sine function was used sin(x) = eiy−e−iy

2i , while in the last passage
the integration by parts.

This resulting power spectrum is included in the bigger DM picture using (3.33).

∆2
DM(k, a) = D2

ad(a)∆0 2
ad (k) + D2

iso(a) f 2
PBH∆0 2

iso (k) + D2
mix(a)∆0 2

ad (k) (E.6)

where the isocurvature power spectrum is the one found above ∆0 2
iso (k) = ∆2

∗,cl(k).
Following PS formalism of section 3.2, only the evolution in the linear regime is
relevant for the stellar mass calculation. It follows that the perturbation evolution
required is given once again by (4.31).

∆2
cl(k, s) = Diso(s) f 2

PBH∆2
∗,cl(k) (E.7)

≈
(

1 +
3γ

2a−
s
)a−

f 2
PBH

[
k3

2π2nPBH
+ ξPBH

2
π
(sin(rclk)− rclk cos(rclk))

]
where s = a

aeq
. Using the same argument of subsection 3.1.3, and neglecting the

mixing term leads to finding the total power spectrum.

∆2
np(k, a) = ∆2

ad(k, a) + ∆2
cl(k, a) (E.8)

or
Pnp(k, a) = Pad(k, a) + Pcl(k, a) (E.9)

where the new power spectrum ∆2
np (Pnp)1 includes the clustering component and

is different from ∆2 (P) of chapter 3. Pad(k, a) is the adiabatic power spectrum
(3.19), while the isocurvature power spectrum ∆2

cl (Pcl) is given by PBH presence,
hence from the addition of its Poisson noise and clustering component. Without
using any approximation, this power spectrum can be used to find the variance
(3.49) with a Gaussian window function (3.48).

σ2
np(R) = σ2(R) + σ2

cl(R) = σ2(R) +
∫

d ln(k)∆2
cl(k, a)|W(k, R)|2 (E.10)

1The subscript np stays for non-Poisson initial PBH distribution.

92 Giona Sala 2023/03/03



where once again σ2(R) comes from the initially Poisson distribution of PBHs, as
in chapter 3. The second component, due to the reduced PBH correlation function,
resolves as follows.

σ2
cl(R) =

∫
d ln(k)∆2

cl(k, a)|W(k, R)|2

=
2
π

(
1 +

3γ

2a−
s
)a−

f 2
PBHξPBH

∫
d ln(k)|W(k, R)|2 (sin(rclk)− rclk cos(rclk))

=

(
1 +

3γ

2a−
s
)a−

f 2
PBHξPBH

(
erf
( rcl

2R

)
+

rcl√
πR

e−
r2
cl

4R2

)
(E.11)

Plugging this result into the total variance (E.10) the stellar mass density can be
calculated numerically using formulas (3.55) and (3.59), as well as the values in
Appendix A, similarly to chapter 3. The value of the critical density can be esti-
mated following section 2.3, however for small redshifts z . 20, δc = 1.686 (2.32)
represents a good approximation.

The results at z ∼ 10 for different PBH parameters fPBH and mPBH, but also various
clustering components are shown in Figure E.1, E.2, E.3 and E.4.

Although many more mixtures of PBH parameters could be studied, it seems that
a combination of ξPBH & 10 and fPBH & 0.1 drastically increases the stellar mass
density. It would be interesting to further analyse these scenarios. This result
is intriguing, as an initial clustering effect would be expected only for large PBH
portions of DM. However, it could have been guessed that for large ξPBH and fPBH
the value of the stellar mass density would have grown at large masses. Lastly, it
must be mentioned that also the results found here would violate the constraints
from section 3.4, but the same justification arising from clusters of section 4.5
could be used.
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E. Non-Poisson PBH distribution

(a)

(b)

(c)

(d)

Figure E.1: These figures show the stellar mass density, depending on the stellar
mass of galaxies, for three different scenarios: ΛCDM standard model, PBHs Pois-
son distributed, and with the clustering effect. These results are plotted for four
different combinations of PBH proportions of DM, clustering components, and
star formation effect.
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(a)

(b)

Figure E.2: Stellar mass density for different ξPBH.

(a)

(b)

Figure E.3: Stellar mass density for different fPBH.
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E. Non-Poisson PBH distribution

(a)

(b)

Figure E.4: Stellar mass density for different mPBH.
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